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Vorwort.

Wiederholt an mich ergangenen Aufforde-
rungen gemiss iibergebe ich hier den Inhalt
der beiden Vorlesungen dem Drucke, welche
ich beim Antritte meiner Lehrthitigkeit an der
Universitit Leipzig und beim Wiederantritt
meiner alten Professur in Wien gehalten habe,
obwohl ich iiberzeugt bin, dass diejenigen,
welche diese Vorlesungen nicht schon gehort
haben, gewaltig enttiuscht sein werden.

Sie werden eine neue Auflage der philo-
sophisch-kritischen Betrachtungen erwarten, die
ich einst in einem Vortrage gelegentlich der
Naturforscherversammlung in Miinchen vor-
brachte. Sie bedenken nicht, dass dort mein
Auditorium ein ganz anderes war. Dort be-
stand es der Mehrzahl nach aus Mainnern,
welche, wenn auch nicht alle in sidmtliche
Details der theoretischen Physik eingeweiht,
doch mit Wissenschaft iibersittigt waren, so
dass sie immerhin nach den Schweizerpillen der
kritischen Philosophie Verlangen haben konnten.

Aber was sollten diese einem Auditorium,
wie ich es fiir die beiden hier wiederg*egebenen

1



Vortrige erwartete, einem Auditorium von
Jiinglingen, die voll Hunger nach Wissenschaft
die Lehren derselben erst in sich aufnehmen,
nicht wieder von sich geben wollten, die mehr
nach einem Appetit reizenden Vorgericht, als
nach einem die Verdauung fordernden Nach-
gericht verlangten.

Das war wenigstens meine Ansicht, mag
dieselbe richtig oder falsch gewesen sein. Jeden-
falls beurteile man die folgenden beiden Vor-
trige mit Nachsicht und erwarte darin keinen
Tiefsinn, sondern nur harmlose Plauderei.

Wien XVIII/1, Haizingergasse 26,
den 1. November 1902.

Ludwig Boltzmann.



I. Antritts-Vorlesung.

Gehalten in Leipzig im November 1900.

Hochansehnliche Versammlung!

Wenn wir neue Giste in das von uns lange
bewohnte Heim einzufiihren gedenken, so pflegen
wir die Eingangsthiir festlich zu schmiicken.
Ich bin an diese altehrwiirdige Universitit be-
rufen worden, um Sie einzufiihren in den weit-
laufigen und imposanten Bau der theoretischen
Physik. Die Eingangspforte, durch welche wir
diesen Bau betreten wollen, ist die analytische
Mechanik. Kein Wunder daher, dass ich Ihnen
dieselbe in ihrem schonsten Schmucke zeigen
mochte, mit dem sie zwar nicht von mir, aber
im Verlaufe der Jahrhunderte von den erlesen-
sten Geistern geziert worden ist.

Als echter Theoretiker will ich vor allem
dusseren Beiwerke den inneren Kern ins Auge
fassen. Die Definition der analytischen Mecha-
nik ist eine sehr einfache. Sie ist die Lehre
von den Gesetzen, nach denen die Bewegung
der Korper erfolgt. Die Kenntnis dieser Ge-
setze ist fir die Behandlung zahlreicher Ma-
schinen und &hnlicher Vorrichtungen erforder-
lich, deren einfachste Formen schon im grauen
Altertume, so bei den Agyptern und Babylo-
niern, bekannt waren. Wir diirfen uns daher
nicht wundern, dass die ersten Anfinge der
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Erforschung mechanischar Gesetze sebhr weit
zuriickreichen. Obwohl -es sich hierbei fast
immer darum handelte, Korper in Bewegung
zu setzen, so beschrinkte man sich, abgesehen
von wenigen verungliickten Versuchen, bis auf
Galilei ausschliesslich auf die Bedingungen des
Gleichgewichtes, welche in den damals unter-
suchten Fillen zusammenfielen mit den Bedin-
gungen, unter denen Korper sich gar nicht be-
wegen. Es ist merkwiirdig, dass man mit der
Betrachtung dieses Falles, der nach unserer
Definition der Mechanik sich allerdings unter
dieselbe subsumiert, aber doch nur als ein ganz
spezieller Fall, gewissermassen ein Ausnahme-
fall, zur Beurteilung der damals gebrauchten
Maschinen ausreichte; aber da man von dem
eigentlich zu Beschreibenden, der wirklichen
Bewegung, gerade absah, so war man zu einer
Mechanik im eigentlichen Sinne noch nicht ge-
langt. Diese beginnt erst mit Galilei, welcher
durch ebenso sinnreiche wie fundamentale Ver-
suche die Grundgesetze fiir die einfachsten Fille
der Bewegung ein fiir allemal feststellte.

Man hitte nun erwarten kénnen, dass diese
Gesetze zunichst auf kompliziertere irdische
Erscheinungen, z. B. das Wachstum eines Gras-
halmes, angewendet und dadurch erweitert
werden wiirden; allein dies war keineswegs der
Fall. Diese und ihnliche, fiir den naiven Be-
obachter unscheinbare, irdischen Vorgiange sind
uns noch heute vollkommen ritselhaft. Der
Fortschritt wurde vielmehr dadurch inauguriert,
dass Newton die von Galilei gefundenen
Grundgesetze sofort auf die Bewegung des uns
Entlegensten, nimlich der Himmelskorper, an-
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wandte und man kann mit Schiller sagen:
,Fiirwahr, ihn hat kein Wahn betrogen, als er
aufwirts zu den Sternen sahl“; denn gerade
auf diesem Wege fand Newton jene Erweite-
rungen und Vervollstindigungen der Galilei-
schen Gesetze, welche dann wieder Anwendung
auf kompliziertere irdische Bewegungen ge-
statteten, so dass es ihm gelang, eine Theorie
der Bewegung der Korper von solcher Voll-
endung auszuarbeiten, dass dieselbe bis heute
das Fundament nicht nur der Mechanik, sondern
der ganzen theoretischen Physik geworden ist.

Auf dieser von Newton geschaffenen Grund-
lage wurde weiter gebaut von den hervor-
ragendsten Analysten aller Nationen, so La-
grange, Laplace, Euler, Hamilton, und es
erwuchs aus der analytischen Mechanik eine
Schopfung, welche wohl mit Recht als Muster
fir jede mathematisch-physikalische Theorie
bewundert wird.

Es gelang zunichst, die Gesetze der Be-
wegung der starren Korper in Gleichungen zu
fassen, so dass jedes derartige Problem auf eine
reine Recheraufgabe zuriickgefiihrt werden kann.

Man machte sich aber auch eine mecha-
nische Vorstellung von dem inneren Baue der
festen Korper und Flissigkeiten, und gelangte
so zu Gleichungen, welche die Gesetze der
elastischen Eigenschaften der ersteren, ihrer
Deformationen, ihrer Festigkeit, sowie der Be-
wegungen der letzteren ausdriicken. Wenn aber
ein Erscheinungsgebiet in Gleichungen gefasst
ist, so sieht der Physiker seine Aufgabe fiir
gethan an. Die Auflosung der Gleichungen
schiebt er dem Mathematiker zu. Wie weit man
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entfernt ist, alle diese Gleichungen wirklich
l6sen, d. h. in allen Fillen daraus wirklich ein
anschauliches Bild der betreffenden Vorginge
gewinnen zu koénnen, das zeigt ein Blick auf
einen schiumenden Bach oder auf die von
einem grossen Dampfer erzeugten Wasserwogen.
Wie ohnmichtig ist die Analyse, die Details
aller dieser Erscheinungen aus den hydrodyna-
mischen Gleichungen heraus zu lesen. Aber
doch liefert die Mechanik auf allen diesen Ge-
bieten Formeln, welche auch fiir die Praxis von
unschitzbarem Werte sind, ebenso fiir die Kon-
struktion von Bauwerken, eisernen Briicken und
Tirmen, wie fiir die Anlage von Kanilen,
Wasserwerken etc., gar nicht zu reden von den
zahllosen Maschinen, die von Tag zu Tag in
staunenswerter Weise das Werk der Menschen-
hand nicht nur ersetzen, sondern iibertreffen.

Die Ubung, mechanisch zu denken, ist in
allen Fillen des praktischen Lebens vom héoch-
sten Nutzen und wirkt gestaltend und ausbil-
dend auf das gesamte Geistesleben. Wie ein
guter Pidagoge in richtiger psychologischer
Kenntnis jeden seiner Mitmenschen gerade so
behandelt, wie es dessen Individualitit er-
heischt, so kommt der mechanisch Denkende
jedem Mechanismus vom einfachsten bis zum
kompliziertesten mit Achtung und Liebe ent-
gegen und letzterer lohnt es, indem er die
Wiinsche seines Herrn erfiillt, wiahrend sich der
mechanisch Ungebildete nicht einmal merkt, in
welchem Sinne eine Schraube zu drehen ist
und unaufloslich fest verbindet, was er gerade
trennen will.

Wenn eine Nation grosse Erfolge erzielt
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hat im Vergleiche mit den in der Nachbar-
schaft wohnenden, so pflegt sie eine gewisse
Hegemonie iiber die letzteren zu erlangen, ja sie
geht nicht selten daran, sie zu untetjochen und
sich dienstbar zu machen. 'Gerade so ergeht
es auch mit den wissenschaftlichen Disziplinen.
Die Mechanik erlangte bald die Hegemonie
in der gesamten Physik. Zunichst unterwarf
sich ihr naturgemiss und widerstandslos die
Akustik. Die betreffenden Erscheinungen sind
aufs innigste mit Bewegungserscheinungen ver-
kniipft, welche freilich so rasch vor sich gehen,
dass sie nicht direkt mit dem Auge verfolgt
werden konnen, aber doch ihren rein kine-
tischen Charakter selbst der bloss oberflich-
lichen Beobachtung nicht verleugnen konnen.
Ja durch kiinstliche Mittel kann sowohl die Be-
wegung der Schallerreger, als auch der in der
Luft fortgepflanzten Schallwelle direkt sichtbar
und erkennbar gemacht werden. Die Akustik
wurde also sofort von der Mechanik als ihre
Domine 'in Anspruch genommen. Dasselbe
geschah auch mit.der Optik, als man erkannt
hatte, dass das Licht ebenso wie der Schall
eine Wellen- und Schwingungserscheinung ist.
Freilich war da die Konstruktion eines schwin-
genden Mediums vollkommen der Phantasie
iiberlassen und stiess auch auf nicht geringe
Schwierigkeiten.

Den Feldzug in das Gebiet der Wirme-
theorie erdffnete die Mechanik durch die Vor-
stellung, dass die Wirme eine Bewegung der
kleinsten Teilchen der Korper sei, welche eben
wegen der Unwahrnehmbarkeit dieser kleinsten
Teilchen dem Auge unsichtbar bleibt, aber sich
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dadurch zu erkennen giebt, dass sie, wenn sie
sich den Molekiilen unseres Korpers mitteilt,
daselbst das Gefiihl der Wirme, wenn sie un-
serem Korper entzogen wird, das Gefithl der
Kilte erzeugt. Dieser Feldzug war ein sieg-
reicher, da die geschilderte Hypothese ein sehr
klares Bild vom Verhalten desjenigen Agens
liefert, welches man Wirme nennt, ein weit
volistindigeres, als die frilhere Ansicht, dass
dieses Agens sich analog wie ein Stoff verhalte.

Elektrizitit und Magnetismus wurden den
mechanischen Gesetzen untergeordnet durch die
Hypothese der elektrischen und magnetischen
Fluida, deren Teilchen nach einem Gesetze
aufeinander wirken sollten, welches nur eine
Modifikation des von Newton fiir die Wechsel-
wirkung der Weltkorper aufgestellten ist, also
durchaus im Boden der reinen Mechanik wurzelt.
Auf eine Mechanik der Anziehungs- und Ab-
stossungskrifte, sowie der gegenseitigen Be-
wegung heterogener Atome suchte man endlich
mit vielem Erfolge auch die chemischen Er-
scheinungen sowie die der Krystallbildung zu-
riickzufithren, welche erstere ja soviel Verwandt-
schaft mit den Wirmeerscheinungen einer- und
den elektrischen Erscheinungen andererseits
haben. Von der Gegenbewegung, welche in
neuerer Zeit gegen dieses Bestreben der Theorie
unternommen wurde, soll spiter die Rede sein.

Selbst die oberflichlichste Beobachtung zeigt,
dass die mechanischen Gesetze nicht auf die
-unbelebte Natur beschrinkt sind. Das Auge
ist bis ins kleinste Detail eine optische Dunkel-
kammer, das Herz eine Pumpe, die Muskulatur
ein kompliziertes, nur vom Standpunkt der



reinen Mechanik verstindliches Hebelsystem,
welches die scheinbar verwickeltsten Probleme
mit den einfachsten Mitteln 16st. So werden
alle denkbaren Bewegungen des Auges durch
sechs Muskelstringe bewirkt, welche wie ziehende
Fiden auf eine um ihren Mittelpunkt beweg-
liche Kugel wirken; freilich, der volle Ausdruck
des Augenaufschlages, das Senken des Blickes,
wovon die Novellendichter erzihlen, ist durch
die dussere Dekoration, das Spiel der Augen-
lider und Gesichtsmuskel und anderes mitbedingt.

Die Anwendbarkeit der Mechanik erstreckt
sich nun weiter in das Gebiet des Geistigen
hinein, als man bei oberflichlicher Betrachtung
vermuten wiirde. Wer hatte z. B. nicht schon
Beobachtungen gemacht, welche die mechanische
Natur des Gedichtnisses belegen? Nicht selten
musste ich einst, um mir eine griechische Vo-
kabel ins Gedichtnis zuriickzurufen, eine ganze
Reihe memorierter homerischer Verse recitieren,
wobei sich dann das Wort an der betreffenden
Stelle sofort einstellte. Als ich mich wochen-
lang ausschliesslich mit Hertz’' Mechanik be-
fasst hatte, wollte ich einmal mit den Worten
, Liebes Herz" einen Brief an meine Frau be-
ginnen und ehe ich mich versah, hatte ich
Herz mit tz geschrieben.

Jedermann weiss, wie oft uns die angeboren
Weckuhr, die wir im Gedichtnisse besitzen,
im Stiche ldsst, wenn sie nicht durch besondere
Mechanismen (einen Knopf im Taschentuche,
Hangen des Regenschirmes iiber den Winter-
rock) unterstiitzt wird. Als ich am Tage der
Ubersiedlung nach Leipzig ans Fenster ging,
um in gewohnter Weise das Thermometer ab-
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zulesen, das ich Tags vorher selbst abgeschraubt
hatte, rief ich aus: ,Ich besitze keinen anderen
Mechanismus, der so schlecht funktionierte, wie
mein Gedachtnis, um nicht gar zu sagen, als
mein Verstand!“

So kénnen wir also in unserem Korper einen
kunstvollen Mechanismus erblicken, und auch
die Krankheiten desselben sind durch rein me-
chanische Ursachen erkliarbar. Grossen Nutzen
hat schon diese Erkenntnis gebracht, indem sie
den mechanischen Eingriffen des Chirurgen Weg
und Ziel zeigte, indem sie den wahren Mecha-
nismus der Infektionskrankheiten aufdeckte, diese
durch Abhaltung der krankheiterregenden Bak-
terien verhiitete, oder durch deren Té6tung heilte.
In den meisten Fillen freilich stehen wir noch
machtlos den Gewalten der Natur gegeniiber,
aber die Mechanik hilft uns doch, sie zu be-
greifen, und damit auch zu ertragen.

Wir haben noch der wunderbarsten mecha-
nischen Theorie auf dem Gebiete der biologi-
schen Wissenschaften zu gedenken, niamlich der
Lehre Darwins. Diese unternimmt es, aus
dem rein mechanischen Prinzipe der Vererbung,
welches an sich freilich wie alle mechanischen
Urprinzipe dunkel ist, die ganze Mannigfaltig-
keit der Pflanzen- und Tierwelt zu erkldren.

Die Erklarung der wunderbaren Schénheit
der Blumen, des Formenreichtums der Insekten-
welt, der Zweckmissigkeit des Baues der Or-
gane des menschlichen und tierischen Korpers,
das alles wird hiermit zur Domine der Mecha-
nik. Wir begreifen, wieso es fiir unsere Gattung
niitzlich und wichtig war, dass gewisse Sinnes-
eindriicke uns schmeichelten und von uns ge-
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sucht wurden, andere uns abstiessen; wir er-
sehen, wie vorteilhaft es war, moglichst genaue
Bilder der Umgebung in unserem Geiste zu
konstruieren und das, was von diesen mit der
Erfahrung stimmte, als wahr, streng auseinander
zu halten von dem nicht stimmenden, dem Fal-
schen. Wir konnen also die Entstehung der
Begriffe der Schonheit ebensowohl als der Wahr-
heit mechanisch erkliren.

Wir verstehen aber auch, warum nur solche
Individuen fortexistieren konnten, welche ge-
wisse hochst verderbliche Einwirkungen mit der
ganzen Intensitit ihrer Nervenkraft verabscheuten
und hintan zu halten suchten, andere fiir ihre
oder die Erhaltung der Gattung notwendige,
aber mit gleicher Lebhaftigkeit anstrebten. Wir
begreifen so, wie sich die ganze Intensitit und
Macht unseres Gefiihlslebens entwickelte, Lust
und Schmerz, Hass und Liebe, Wunsch und
Furcht, Seligkeit und Verzweiflung. Geradeso,
wie unsere korperlichen Krankheiten konnen wir
auch die ganze Stufenleiter unserer Leiden-
schaften nicht loswerden, aber wir lernen sie
wiederum begreifen und ertragen.

In erster Linie wird es nun ohne Frage fiir
jedes Individuum von Wichtigkeit sein, dass
sein Streben auf die eigene Erhaltung gerichtet
ist, und es erscheint der Egoismus nicht als
Fehler, sondern als Notwendigkeit. Aber fiir
die Erhaltung der Gattung ist es von grdsstem
Nutzen, wenn die verschiedenen Individuen sich
unterstiitzen, und beim Zusammenwirken der
Einzelne sich dem Ganzen unterordnet. So
verstehen wir die Notwendigkeit von Eigensinn
und Trotz schon beim Kinde, aber auch von
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Zusammenhalten und Geselligkeit im gemein-
samen Spiele; wir verstehen an unserem Ge-
schlechte Eigennutz und Mitgefiihl, Scham und
Begierde, Freiheitsliebe und Knechtssinn, Tugend
und Laster, Todesfurcht und Todesverachtung.
Welchen Vorteil gewdhrt es fiir einmiitiges
Wirken im Frieden und Kriege, wenn sich der
Jingling fiir Grosses und Edles, Freundschaft
und Liebe, Freiheit und Vaterland begeistert,
aber wie leicht artet wieder dieser Trieb zum
Phrasentum, zur thatenlosen Schwirmerei aus.
Die Empfanglichkeit fiir Erhebung des Herzens
und Begeisterung musste sich daher ebenso not-
wendig in unserem Geschlechte bilden, wie
Niichternheit und Egoismus, als deren notwen-
diges Gegengewicht. So begreifen wir aus
mechanischen Ursachen, dass der Jiingling fiir
die Poesie Schillers ergliiht, und so viele die
Dichtungen Heines verurteilen, welche doch
wieder auf andere so michtig und unwider-
stehlich wirken. Es muss ja auch das Wasser
des aufsteigenden Springbrunnens eine leben-
dige Kraft besitzen, welche fiir sich allein im
stande wire, es in den unendlichen Raum hin-
auszuschleudern; aber ebenso mechanisch not-
wendig ist die Gegenwirkung der Schwere und
des Druckes unzahliger Luftteilchen, die es
wieder rechtzeitig zur miitterlichen Erde zuriick-
fiilhren. Wollte man sich pikant ausdriicken, so
kénnte man sich zur Behauptung versteigen,
dass nicht nur das abscheulichste Laster, son-
dern auch die hochste Tugend gewissermassen
eine Verirrung ist, darin begriindet, dass unsere
angeborenen Triebe iibers Ziel hinausschiessen.
Denn allzu grosser Idealismus triibt den prak-
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tischen Sinn und ist daher das der banausischen
Gesinnung entgegengesetzte auch wieder schid-
liche Extrem. Solche Paradoxa liegen niher,
als man glaubt und entstehen immer bei Be-
trachtung der Dinge von einem einseitigen
Standpunkte, wie die Zerrbilder bei Anwendung
von Cylinder- oder Kegelspiegeln. In &dhnlicher
Weise hat man behauptet, dass das Genie eine
Geisteskrankheit sei.

Ja nicht einmal fiir seine Gattung allein kann
der Mensch das Ideal beanspruchen. Dadurch,
dass er ihn fiir Untreue peitschte, fiir Treue
fiitterte, hat er dem Hunde die Treue gerade
so anerzogen, wie der Kuh die reichliche Milch-
absonderung, der Gans die grosse Leber. Der
anhinglichere Hund wurde im Kampfe ums
Dasein vom Menschen stets begiinstigt und so
wuchs Anhinglichkeit und Treue beim Hunde-
geschlechte in immer grosserem Masse. Wenn
nun, wie es oft vorkommt, ein Hund, der seinen
Herrn verloren hat, nicht mehr frisst und vor
Gram langsam zu Grunde geht, ist das nicht
ein Idealismus, wie wir ihn kaum beim Menschen
finden, sicherlich nicht bei Dienern unserer mo-
dernen Zeit! Daher war mancher Philosoph
versucht, den Hund moralisch hsher zu stellen
als den Menschen, wie man sich versucht fiihlen
kann, die automatische Nestbaukunst des Vogels
iber die mithsam erlernte und Irrtiimern unter-
worfene des Architekten zu stellen.

In der Natur und Kunst herrscht also die
allgewaltige Mechanik, sie herrscht auch ebenso
in der Politik und dem sozialen Leben. Ver-
moge des michtigen Triebes nach Selbstindig-
keit, von dem wir sahen, dass er sich schon
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im Kinde mit Notwendigkeit entwickeln muss,
lasst sich der Einzelne nur ungern von anderen
beherrschen und liebt in gesellschaftlichen Ver-
einigungen, Stidten, Gemeinwesen und im Staate
die republikanische Regierungsform. Aber dieser
stellen sich auf der anderen Seite wieder mecha-
nische Schwierigkeiten entgegen. Jeder, der
Offentlichen Debatten beigewohnt hat, weiss,
ein wie schwerfilliger, zu raschem, konsequentem
Handeln ungeeigneter Organismus eine o6ffent-
liche Versammlung ist und wie haufig diese
wegen des geringen Teiles von Verantwortlich-
keit, der auf den Einzelnen entfillt, Fehler in
der Beschlussfassung macht. Noch erleichtert
wird dies durch den Umstand, den Schiller
mit den Worten charakterisiert: , Verstand ist
stets bei wenigen nur gewesen., Aus diesen
Ursachen erhellen wieder die Vorteile der Herr-
schaft Weniger oder eines Einzelnen. So beruht
in der That das Zusammenwirken der ver-
schiedenartigsten Personlichkeiten in Volksver-
sammlungen ‘ebenso wie die meisterhafte Len-
kung der widerstrebenden Willensdusserungen
der Menge durch einen Einzelnen auf der Me-
chanik der Psychologie. Bismarck durch-
schaute die Seele seiner politischen Gegner so
klar, wie der Maschinentechniker das Rider-
werk seiner Maschine und wusste so genau,
wie er sie zu den gewiinschten Handlungen zu
bewegen habe, als der Maschinist weiss, auf
welchen Hebel er driicken muss. Die be-
geisterte Freiheitsliebe eines Cato, Brutus
und Verrina entstammt Gefiihlen, die durch
rein mechanische Ursachen in ihrer Brust keimten
und es erklirt sich wiederum mechanisch, dass
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wir mit Behagen in einem wohlgeordneten
monarchischen Staate leben und doch gerne
sehen, wenn unsere Séhne den Plutarch und
Schiller lesen und sich an den Reden und
Thaten schwirmerischer Republikaner begeistern.
Auch hieran kénnen wir nichts andern; aber
wir lernen es begreifen und ertragen. Der
Gott, von dessen Gnade die Konige regieren,
ist das Grundgesetz der Mechanik.

Es ist bekannt, dass die Darwinsche Lehre
keineswegs bloss die Zweckmaissigkeit der Or-
gane des menschlichen und tierischen Korpers
erklirt, sondern auch davon Rechenschaft giebt,
warum sich oft Unzweckmissiges, rudimentire
Organe, ja geradezu Fehler in der Organisation
bilden konnten und mussten.

Nicht anders geht es auf dem Gebiete un-
serer Triebe und Leidenschaften. Durch die
Anpassung und Vererbung konnten sich bloss
die Grundtriebe herausbilden, welche im grossen
und ganzen fiir die Erhaltung des Individuums
und Geschlechtes notwendig sind. Es ist dabei
nicht zu vermeiden, dass in einzelnen Fillen
diese Grundtriebe falsch wirken und unniitz, ja
sogar schidlich werden. Oft schiessen die uns
angeborenen Triebe gewissermassen iiber das
Ziel hinaus. Die Kraft, mit der sie sich un-
serem Geiste assoziiert haben, um gewisse Wir-
kungen zu erzielen, ist so enorm, dass wir sie
nicht sofort wieder loswerden konnen, wenn
diese Wirkungen erzielt sind und nunmehr der
zur Gewohnheit gewordene Trieb iiberfliissig
oder schidlich ist. So iibertriftt fiir das neu-
geborene Kind der Trieb des Saugens alle

anderen an Wichtigkeit; kein Wunder daher,
2
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dass er auch alle anderen an Intensitit iiber-
trifft und spater ldstig wird, wenn das schon
verniinftig gewordene Kind ihn oft unglaublich
lange nicht mehr loswerden kann. Die Er-
wachsenen beldcheln dies und doch nimmt bei
ihnen das unzweckmaissige und verkehrte Fort-
wirken des zur Erhaltung der Art dienenden
Triebes nicht selten noch viel absurdere For-
men an.

Analoge Erscheinungen finden sich auf rein
geistigem Gebiete. So haben wir unsere Ge-
fihle so sehr an bestimmte Vorstellungen und
Eindriicke assoziiert, dass uns eine geschickt
abgefasste erfundene Erzihlung oder ein Theater-
stiick weit mehr zu Herzen geht als ein kurzer
wahrheitsgetreuer Bericht eines wirklichen Un-
gliickes von Personen, die uns ferne stehen.

Ahnliche . Wirkungen kommen im Gebiete
des philosophischen Denkens vor. Wir sind
gewohnt, den Wert oder Unwert der verschie-
denen Dinge zu beurteilen, je nachdem sie fiir
unser Leben forderlich oder schidlich sind.
Dies wird uns so zur Gewohnheit, dass wir
schliesslich iiber den Wert oder Unwert des
Lebens selbst urteilen zu konnen glauben, ja
dass iiber dieses verkehrte Thema ganze Biicher
geschrieben wurden.

Nach meiner Uberzeugung sind die Denk-
gesetze dadurch entstanden, dass sich die Ver-
kniipfung der inneren Ideen, die wir von den
Gegenstianden entwerfen, immer mehr der Ver-
kniipfung der Gegenstinde anpasste. Alle Ver-
kniipfungsregeln, welche auf Widerspriiche mit
der Erfahrung fiihrten, wurden verworfen und
dagegen die allzeit auf Richtiges fiihrenden mit
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solcher Energie festgehalten und dieses Fest-
halten vererbte sich so konsequent fort auf die
Nachkommen, dass wir in solchen Regeln
schliesslich Axiome oder angeborene Denk-
notwendigkeiten sahen. Aber auch hier, also
selbst in der Logik, ist ein iiber das Ziel Hin-
ausschiessen nicht ausgeschlossen. Ja gerade
wegen der Abstraktheit und scheinbaren Durch-
sichtigkeit des Gebietes ifft es uns in solchen
Fillen am allermeisten. Ich sehe hierin den
Ursprung jener Widerspriiche, welche bei Kant
als Antinomien, in neuerer Zeit als Weltritsel
bezeichnet werden. Es sei mir gestattet, einige
derartige Beispiele anzufilhren. Wir haben
fortwihrend Begriffe in einfachere Elemente
zu zerlegen, Erscheinungen aus uns schon
bekannten Gesetzen zu erkldren. Diese so iiber-
aus niitzliche und notwendige Thitigkeit wird
uns nun so zur Gewohnheit, dass der zwingende
Schein entsteht, es miissten auch die einfachsten
Begriffe noch in ihre Elemente zerlegt, auch
die Elementargesetze noch auf einfachere zuriick-
gefithrt werden.

Fragen, wie die nach der Definition des
Zahlbegriffes, nach der Ursache des Kausalitats-
gesetzes, nach dem Wesen der Materie, Kraft,
Energie etc.'.dringen sich immer wieder un-
widerstehlich auf, selbst dem philosophisch
Geschulten. Er ist iiberzeugt, dass diese Be-
griffe direkt aus der Erfahrung entnommen und
nicht weiter erklarbar sind, dass also hier ein-
fach die unwiderstehlich gewordene Denk-
gewohnheit, nach der Ursache und Definition
zu fragen, iiber das Ziel hinausschiesst, trotz-

dem kann er eine gewisse zuriickbleibende Un-
2%



befriedigtheit dariiber nicht iiberwinden, dass
so wichtige Begriffe, wie der der Zahl oder der
der Kausalitdt, jedem Versuche spotten, sie zu
definieren. Es geht hier dhnlich, wie wenn
eine Gesichtstduschung noch immer nicht ver-
schwindet, selbst nachdem man ihre mecha-
nische Ursache klar erkannt hat.

Noch ein Schritt weiter ist es, wenn wir es
unerklarlich und ritselhaft finden, dass wir selbst
oder dass iiberhaupt irgend etwas existiert und
diesen Gedanken nicht ganz loswerden, selbst
wenn wir erkannt haben, dass hier der Begriff
des Ritselhaften so wenig Anwendung finden
kann, wie der Begriff des Wertes oder Un-
wertes bei Beurteilung des ganzen Lebens.

Ein anderes hierher gehoriges Beispiel liefert
die schon alte jetzt als Solipsismus bezeichnete
Verirrung. Gleichwie es mechanisch erklirbar
ist, dass eine Blutwelle in unserem Ohre die
Empfindung eines Tones erzeugen kann, dem
kein dusserer Eindruck entspricht oder, dass
wir Nachbilder heller Gegenstinde noch wahr-
nehmen, nachdem diese unserem Blicke ent-
schwunden sind; ja dass wir selbst in voll-
kommener Finsternis mannigfaltige, oft phan-
tastische Gebilde sehen, denen keinerlei Gegen-
stinde entsprechen, so ist es auch begreiflich,
dass unser Bewusstseinsorgan im Traume eine
von der Aussenwelt ganz unabhingige phan-
tastische Thitigkeit entfaltet. Eine dhnliche in
gemildertem Masse auftretende Thatigkeit ist
als Phantasie sogar zur Bildung neuer Ideen-
verbindungen niitzlich und notwendig. Aber
auch diese schiesst wieder oft iiber das Ziel
hinaus. Der naive Mensch betrachtet Sonne
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und Mond, Biume und Quellen als beseelte
Wesen, aber auch der gebildete denkt sich
jede Kraft noch unter dem Bilde einer mensch-
lichen Kraftanstrengung. In diesen Fillen ist
dann eine strenge Kontrolle, eine scharfe Ne-
gation von allem bloss Hinzugetriumten not-
wendig. Diese wird durch hiufige Ubung wieder
zur Gewohnheit. Indem man sie auf die Spitze
treibt und auch anwendet, wo sie nicht hinge-
hort, kommt man zur Idee, dass iiberhaupt alle
unsere Vorstellungen Triume seien und nichts
existiere, als der vorstellende, also ein einziger
traumender Mensch. Diese Verirrung ist ebenso
vom Standpunkte der Darwinschen Theorie be-
greiflich, wie die Entwicklung unserer normalen
Vorstellungsthitigkeit. Die mechanische Natur
der letzteren wird aber neuerdings dokumentiert
durch die Moglichkeit ihrer Verwirrung schon
im gesunden Zustande durch Schlaf, mehr aber
noch im kranken durch Hallucinationen, Fieber-
phantasien und Wahnsinn.

Vom Standpunkt der Darwinschen Theorie
ist auch das Verhiltnis des Instinktes der Tier-
welt zum Verstande des Menschen begreiflich.
Je vollkommener ein Tier ist, desto mehr treten
bei demselben neben dem Instinkte bereits
Spuren von Verstand auf,

Einem Tiere, das nur einer geringen Zahl
von Handlungen bedarf, welche zudem fort-
wihrend unter ausserordentlich dhnlichen Ver-
hiltnissen zu erfolgen haben, ist es von héchstem
Nutzen, wenn ihm, ohne dass es viel zu iiber-
legen braucht, sogleich der Trieb zur richtigen
Handlungsweise direkt angeboren ist, wie dem
Vogel, der ohne Unterweisung vermdge ange-



borenen Instinktes mit bewunderungswiirdiger
Kunstfertigkeit Nester zu bauen versteht. Uns
erschiene es wohl auf den ersten Anblick als
ein weit vollkommenerer Zustand, wenn wir
ohne Unterricht und ohne vieles Nachdenken
stets das Richtige zu treffen wiissten. Wiahrend
es aber unter den einfachen Bedingungen, unter
denen sich jene Tiere befinden, das Leichtere
und minder Komplizierte war, dass sich ihnen
der Trieb zur ganzen Handlungsweise in summa
vererbte, so steht dies wieder jeder Anpassung
an gednderte Verhiltnisse, jedem Fortschritte
entgegen und unter komplizierten Lebensbe-
dingungen erweist sich die dem Menschen an-
geborene Fihigkeit bei weitem iiberlegen, sich
innere Bilder der dusseren Ereignisse zu kon-
struieren, mittels derselben Erfahrungen zu
sammeln und diesen gemiss die Handlungen
in jedem Falle regulieren zu konnen.

Ubrigens tritt beim Menschen der Instinkt
zwar sehr zuriick, seine Spuren sind aber doch
iiberall noch bemerkbar, und zwar keineswegs
bloss in Fillen, wie der schon erwahnte Saug-
trieb, oder der Nachahmungstrieb der Kinder,
sondern auch bei allen elementaren das Nach-
denken unterdriickenden oder ihm vorauseilen-
den Trieben der Erwachsenen. Der Schreck
bei einem plotzlichen Gerdusche, die Furcht bei
plotzlicher Gefahr kommen ebenso unserm ver-
stindigen Handeln wider unsern Willen zuvor,
wie der Zorn bei einem jihen Angriffe. Die
ererbte Gewohnheit, gegen starke Eindriicke
heftig zu reagieren, welche niitzlich ist, um
unserem Handeln den nétigen Nachdruck und
die nétige Lebhaftigkeit zu verleihen, iibt da
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eine unbezwingliche Wirkung aus und wird
schidlich, wenn sie der Uberlegung allzusehr
vorauseilt. Uberhaupt entstammen die Grund-
triecbe unseres Charakters, sowohl Genussucht
und Trigheit, als auch Ehrgeiz, Herrschsucht,
Mitleid und Neid ererbten Anlagen, also in
erster Linie angeborenen Instinkten. Wieweit
sind wir davon entfernt, dass reine Verstandes-
griinde die Motive aller unserer Handlungen
wiren? Die innersten Impulse zu denselben
entstammen noch immer meist angeborenen
Trieben und Leidenschaften, also ohne unser
Zuthun in uns keimenden Instinkten, welche,
wenn sie den Verstand beherrschen, zwar schid-
lich und verwerflich werden, aber doch not-
wendig sind, um unserer Handlungsweise Leb-
haftigkeit, unserem Charakter seine eigentiim-
liche Farbung zu verleihen. Das Weltgetriebe
erhilt sich, wie Schiller sagt, ,heute wie ehe-
mals durch Hunger und durch Liebe und die
Zeit ist noch ferne, wo Philosophie den Ring
der Welt zusammenhilt.”

Einen instinktiven Charakter hat auch der
Aberglaube, welchen oft selbst die gebildetsten
Menschen nicht ganz loswerden.  Derselbe
entsteht durch Fortwirken unseres Kausalbe-
diirfnisses in Fallen, wo dazu keine Berechtigung
vorhanden ist. Die Gewohnbheit iiberall Kausal-
verbindungen zu suchen, veranlasst uns, rein zu-
fillig scheinende Ereignisse mit irgend anderen,
oft ganz heterogenen kausal zu verkniipfen, und
das Gesetz von Ursache und Wirkung, welches
richtig angewandt die Grundlage aller Erkennt-
nis ist, wird zum Irrlichte, das uns auf falsche
Pfade fiihrt.
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Nun eriibrigt noch zu erinnern, wie gut auch
der ganze Mechanismus der sozialen Einrich-
tungen in den Rahmen unserer Betrachtungen
passt. Da haben wir unzihlige Anstandsregeln
und Héflichkeitsformen teilweise so unnatiirlich
und gezwungen, dass sie vom Standpunkt einer
unbefangenen Uberlegung, die man ofters Ver-
nunft nennt, die aber die Allmacht der
Mechanik vergisst, absurd und licherlich er-
scheinen. Diese Anstandsregeln sind nicht zu
allen Zeiten dieselben; bei fremden Vélkern
weichen sie von den unseren oft so sehr
ab, dass wir ganz verwirrt werden; aber sie
miissen sein.

Die Thitigkeit der Konservativen, der pe-
dantischen zopfigen steifen Anstandsrichter, die
iiber die genaue Beobachtung jeder hergebrach-
ten Sitte und jeder Regel fiir den gesellschaft-
lichen Verkehr, iiber genaue Verwendung aller
ibrer Titel bei Ansprachen und Zubilligung aller
ihrer gesellschaftlichen Vorrechte wachen, er-
scheint uns oft licherlich; aber sie ist wohl-
thitig und muss sein, damit nicht Verrohung
des gesellschaftlichen Verkehrs eintritt. Dafiir,
dass sie nicht zur Versteinerung des Geistes
fiihrt, sorgen wieder die Emanzipierten, Unge-
zwungenen, die hommes sans géne. Beide Gat-
tungen von Menschen bekdmpfen einander und
halten zusammen die Gesellschaft im richtigen
Gleichgewicht.

Auf einem ganz andern Gebiete des sozialen’

Lebens wirkt ein anderer Mechanismus bei
steter regster Bewegung immer das Gleichge-
wicht bewahrend, einer der grossartigsten be-
wunderungswiirdigsten Mechanismen, die die
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Menschheit geschaffen hat, der des Kapitals,
des Geldes. Man lese ZolasRoman,,L’argent”.
Den primitiven Tauschhandel der Urvélker hat
es derart verfeinert, dass die verschiedenen
Formen des Geldes mit allen Gesetzen und
hergebrachten Regeln des kaufminnischen und
Borsenverkehrs bewunderungswiirdiger ineinan-
dergreifen als die Rader des kompliziertesten Uhr-
werks, und mit gleicher Lebhaftigkeit, Sicher-
heit und Prizision arbeiten wie die bestkon-
struierten Elektromotoren.

Wer zu kurz gekommen, schimpft iiber den
Mammon; der Schwindler, der die Regeln aus
Gewinnsucht verdreht, wird ausgestossen wie
unbrauchbare Stoffe aus einem lebenden Orga-
nismus; aber fiir unsere moderne Civilisation
ist der Geld- und Borsenverkehr ebenso wichtig
als die Buchdruckerkunst, der Dampf, die Elek-
trizitat.

Ubt der Einzelne nicht eine Zaubermacht
aus, wenn ihm eine Menge an sich ganz wert-
loser Metallstiicke zum Mittel wird, Paliste,
Parke, Yachten, kurz, alles zu schaffen, was das
Leben verschént, ja Preise zu stiften, die noch
lange nach seinem Tode zur Schaffung von
Meisterwerken der Kunst und Wissenschaft
wesentlich beitragen? Doch der Zauberer selbst,
unterliegt er nicht auch wieder den Gesetzen
der Mechanik, wenn ihm die falsche Stellung
eines Hautchens in seinem Herzen, der Wand-
bruch eines Aderchens in seinem Gehirne die
Benutzung aller angesammelten Herrlichkeiten
entziebt und mit einem Schlage den Michtigen
in ein Stiick toten Stoffes verwandelt?

Ja auch die Verspottung des Papiergeldes
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scheint mir ein einseitiger Standpunkt zu sein.
Dieses hat doch wohl auch eine andere Seite
als die in Goethes Faust in so grelles Licht
gesetzte. Ja wenn wir darunter alle Wert-
papiere, Obligationen, Wechsel u. dergl. ein-
begreifen, so ist es geradezu die Krone des
wichtigsten Teiles des menschlichen Verkehrs,
des Mechanismus, der Mein und Dein den
heutigen komplizierten Bediirfnissen entsprechend
regelt. '

Um vom Grossartigen wieder zum Kleinlichen
iiberzugehen, erinnere ich, dass der unwider-
stehliche, im Falle geringen Nachlassens durch
Klatschsucht stets wieder geschirfte Trieb zum
Putzen durch Entfernungen aller schidlichen
Ansteckungsstoffe aus den Wohnungen von
hochstem Nutzen ist. Freilich schiesst er iibers
Ziel hinaus, wenn z. B. Messingteile stets blank
erhalten werden, deren Patina nicht nur un- -
schidlich, sondern bei der heutigen grellen
Abendbeleuchtung sogar dem Auge wohlthatig
wire. Aber ich will beileibe nicht behaupten,
dass wir besser daran wiren, wenn das Staub-
abwischen den Bakteriologen an stelle der Haus-
bediensteten iibertragen wiirde.

Weitere Beispiele fiir meine These zu finden,
wire ich nicht verlegen; ich wire eher ver-
legen, irgend einen Vorgang zu finden, der
nicht Beispiel dafiir wire.

Wir haben hiermit nicht nur unsere kérper-
lichen Organe, sondern auch unser Seelenleben,
ja Kunst und Wissenschaft, Gefiihlseindriicke
und Begeisterung zur Domine der Mechanik
gemacht. Ist nun die Mechanik zur Darstellung
dieser Dinge nicht in der That allzu mecha-



nisch? Selbst der komplizierteste von Menschen-
hand verfertigte Mechanismus, wie geringfiigig
und leblos ist er gegeniiber dem einfachsten
pflanzlichen oder tierischen Gebilde!

Ich sehe voraus, welch ein Grauen bei
meinen letzten Ausfilhrungen den Schwirmer
befillt, wie er fiirchtet, dass alles Grosse und
Erhabene zum toten fiihllosen Mechanismus ent-
wiirdigt wird und alle Poesie dahinsinkt. Aber
mir scheint all diese Furcht auf einem vélligen
Missverstindnisse des Vorgebrachten zu be-
rahen.

Unsere Ideen von den Dingen sind ja nie-
mals mit dem Wesen derselben identisch. Es
sind blosse Bilder, oder vielmehr Zeichen da-
fir, welche das Bezeichnete notwendig einseitig
darstellen, ja nichts weiter leisten konnen, als
dass sie gewisse Arten der Verkniipfungen
daran nachahmen, wobei das Wesen vo6llig un-
beriihrt bleibt.

Wir brauchen also von der Schirfe und
Bestimmtheit unserer fritheren Ausdriicke nichts
zuriickzunehmen. Wir haben damit doch nichts
weiter gethan, als dass wir eine gewisse Ana-
logie zwischen den seelischen Phinomenen und
den einfachen Mechanismen der Natur behauptet
haben. Wir haben nur ein einseitiges Bild
konstruiert zum Behufe der Versinnlichung ge-
wisser Verkniipfungen der Erscheinungen und
Voraussage neuer uns unbekannter. Neben
diesem einen Bilde kénnen und miissen aber
wegen seiner Einseitigkeit andere einhergehen,
welche die innerliche, die ethische Seite des
Gegenstandes darstellen und die Erhebung
unserer Seele durch die letzteren wird nicht
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mehr gemindert werden, sobald wir vom me-
chanischen Bilde die richtige Auffassung haben
Dasselbe wird nur dort anzuwenden sein, wo
es hingehort; aber wir werden seinen Nutzen
nicht bestreiten und bedenken, dass auch die
erhabensten Ideen und Vorstellungen doch
wieder nur Bilder, nur dussere Zeichen fiir die
Art der Verkniipfung der Erscheinungen sind.

Damit entfillt auch der Einwand, der wohl
vielleicht gegen meine Ausfiihrungen erhoben
werden wird, dass dieselben der Religion zu-
widerliefen. Nichts ist verkehrter, als die auf
ganz anderer ungleich festerer Basis ruhenden
religiosen Begriffe mit den schwankenden sub-
jektiven Bildern in Verbindung zu bringen.
welche wir uns von den Aussendingen machen,
Ich wire der letzte, der die vorgebrachten An-
sichten aufstellte, wenn sie irgend eine -Gefahr
fiir die Religion bergen wiirden. Aber ich
weiss gewiss, dass die Zeit kommen wird, wo
jedermann einsieht, dass dieselben fiir die
Religion ebenso irrelevant sind, wie die Frage,
ob die Erde still steht oder sich um die Sonne
bewegt.

Indes das Prinzip der mechanischen Er-
klirung seine Herrschaft im Reiche der ge-
samten Wissenschaft immer mehr ausdehnte,
verlor es merkwiirdigerweise auf seinem eigen-
sten Gebiete, dem der theoretischen Physik,
wieder an Boden. Die Ursache davon lag, wie
dies auch bei erobernden Nationen oft der Fall
ist, teils im inneren Zwiespalte, teils auch in
susseren Verhiltnissen.

Wihrend man mit dem grossten Erfolge
bestrebt war, die Anwendungen der Mechanik
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bis ins kleinste Detail auszuarbeiten, trat eine
Richtung auf, welche an den Grundpfeilern der-
selben zu riitteln begann und auf Unklarheiten
in den Prinzipien der Mechanik hinwies. Der
Grund legende Begriff der Mechanik ist der der
Bewegung. Der Begriff der reinen von jeder
andern Verianderung losgelosten Bewegung tritt
nur bei der Betrachtung starrer Korper voll-
kommen klar zu Tage. Hier haben wir in der
That ein vollkommen unverinderliches Gebilde,
an dem sich nichts als seine Lage im Raume
verindert. Es giebt nun in der Natur keinen
vollkommen starrenKorper, aber allerdings feste
Korper, welche ihre Gestalt wahrend der Be-
wegung nur unmerklich dndern. Die Gestalt-
verinderungen der Fliissigkeiten und Gase sucht
man ungezwungen auf die Bewegung ihrer
kleinsten Teile zuriickzufiihren. Sie haben ja
in der That schon fiir das Auge Ahnlichkeit
mit den Formverinderungen eines Sandhaufens,
der aus einzelnen, sinnlich wahrnehmbaren
Kornern besteht. Dennoch liegt fiir die wirk-
liche Fliissigkeit etwas Hypothetisches in der
Annahme, dass sich auch bei dieser jedes ein-
zelne Teilchen zu allen Zeiten identifizieren
lasst. Erfahrungsmissig ist uns ja nur die Un-
verdnderlichkeit der Gesamtmasse und des
Gesamtgewichtes gegeben.

Man suchte nun a priori zu beweisen, dass
sich jede auch scheinbar qualitative Verinde-
rung auf eine Bewegung kleinster Teile zuriick-
fiilhren lassen miisse, da eine Bewegung der
einzige Vorgang sei, wobei der bewegte Gegen-
stand immer derselbe bleibt. Ich halte alle
derartigen metaphysischen Griinde fiir unzu-



reichend. Freilich den Begriff der Bewegung
miissen wir jedenfalls bilden. Wenn sich daher
alle scheinbar qualitativen Verinderungen unter
dem Bilde von Bewegungen oder Anderungen
der Anordnung kleinster Teile darstellen liessen,
so wiirde dies zu einer besonders einfachen
Naturerklarung fithren. Die Natur wiirde uns
dann am begreiflichsten erscheinen. Allein wir
konnen sie dazu nicht zwingen. Die Méglich-
keit, dass dies nicht angeht, dass wir zur Dar-
stellung der Natur auch noch andere Bilder
von anderen Verinderungen notwendig haben,
muss offen gelassen werden und es ist begreif-
lich, dass die Beriicksichtigung dieser Moglich-
keit gerade durch die neuere Entwickelung der
Physik nahe gelegt wurde.

Die mechanische Physik hatte sich alle Kor-
per als Aggregate materieller Punkte gedacht,
welche direkt in die Ferne aufeinander wirken.
In ganz kleine (molekulare) Entfernungen soll-
ten die Kohisions-, Adhisions- und chemischen
Krifte wirken, in weitere Distanzen die Gravi-
tation. Neben der ponderabeln Materie wurde
noch der Lichtither angenommen, den man
sich vollkommen analog einem festen Korper
dachte, wogegen man die elektromagnetischen
Erscheinungen, wie wir schon eingangs er-
orterten, durch die elektrischen und magne-
tischen Fluida erklirte, deren Teilchen ebenfalls
direkt in die Ferne aufeinander wirken sollten.
Die letztere Hypothese wusste lange allen be-
obachteten Erscheinungen gerecht zu werden.
Erst vor wenig mehr als 10 Jahren gelang es
Hertz, durch Versuche zu beweisen, dass, wie
schon Faraday und Maxwell vermutet
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hatten, die elektrischen und magnetischen Krifte
nicht unmittelbar in die Ferne wirken, sondern
durch Zustandsverinderungen bedingt sind,
welche sich mit der Lichtgeschwindigkeit von
Volumelement zu Volumelement fortpflanzen.
Dadurch erhielt die altehrwiirdige Theorie der
elektrischen Fluida einen Stoss, dem sie auch
bald: erlag. Aber auch noch eine andere Theo-
rie wurde durch Hertz’ Versuche getroffen.
Es zeigten ndmlich die Gesetze der Fortpflan-
zung der_elektromagnetischen Wellen eine so
absolute Ubereinstimmung mit den Gesetzen der
Lichtbewegung, dass an der Identitit beider
Erscheinungen nicht mehr gezweifelt werden
konnte. War damit auch noch nicht definitiv
widerlegt, dass das Licht auf einer schwingen-
den Bewegung der kleinsten Teilchen eines
Lichtathers beruht, so war doch erwiesen, dass
dieser Lichtither sicherlich andere viel kom-
pliziertere Eigenschaften haben muss, als man
ithm bisher beigelegt hatte. Hierdurch gewann
die Theorie der Elektrizitit und des Magnetis-
mus ein solches Ubergewicht, dass von einigen
Seiten der Versuch gemacht wurde, an Stelle
der .mechanischen Hegemonie in der theoreti-
schen Physik eine solche des Elektromagnetis-
mus zu setzen, indem man versuchte, umge-
kehrt die einfachsten Gesetze der Mechanik
aus der Theorie des Elektromagnetismus her-
zuleiten.

Anderseits war man gegen alle Hypothesen
misstrauisch geworden und beschrinkte die Auf-
gabe der Theorie darauf, eine nirgends iiber
das erfahrungsmissig Gegebene hinausgehende
Beschreibung der Erscheinungen zu liefern,
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Mitglieds dieser Universitit so lichtvoll be-
handelt wurden.

Was die formale logische Grundlage betrifft,
so hatte die alte Mechanik sich dem Dualismus
zwischen Kraft und Stoff angeschlossen. Die
Materie ist das Bewegliche. Man ist nun ge-
wohnt, fiir jede spezielle Bewegung die Ursache
aufzusuchen. Indem man diese Denkgewohn-
heit iiber die Grenzen ihrer Berechtigung aus-
dehnte, also in ihrer Anwendung iiber das Ziel
hinausschoss, glaubte man auch dafiir, dass
iiberhaupt Bewegungserscheinungen eintreten,
eine besondere von der Materie getrennte Ur-
sache annehmen zu miissen, welcher man den
Namen Kraft gab und neben der Materie eine
besondere Existenz zuschrieb. Kirchhoff leug-
nete die Notwendigkeit hiervon und glaubte,
mit der blossen Annahme der Materie und der
Thatsache ihrer Bewegung nach bestimmten zu
beschreibenden Gesetzen ausreichen zu konnen.
Er behielt jedoch die direkte Fernwirkung bei.
Wenn wir aber ernstlich fragen, was von der-
selben nach unsern heutigen Anschauungen
iibrig geblieben ist, so finden wir nicht mehr
viel. Die elektrischen und magnetischen Krifte
wirken nicht in die Entfernung, sondern von
Volumelement zu Volumelement. Von den
elastischen und chemischen Kriften von der
Adhision und Kohision, deren Wirkungsbe-
reich ohnedies ein winzig kleiner ist, kann eben-
falls keine direkte Fernwirkung nachgewiesen
werden. Es bleibt nur die Gravitation, aber
auch hier lisst die Analogie des Wirkungsge-
setzes mit dem der elektrostatischen und mag-
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netischen Krifte die Vermittelung durch ein
Medium wahrscheinlich erscheinen.

Wenn auch Newton selbst die direkte Fern-
wirkung nur als einen Notbehelf erklirte, so
ist doch das ganze Gebiude der klassischen
Mechanik auf die Idee derselben zugeschnitten.
Es kann uns daher nicht wundern, dass Hertz
dasselbe von Grund aus zu reformieren suchte
und an Stelle der beschleunigenden Wirkungen
Bedingungsgleichungen setzte. AberauchHertz
konstruierte die Materie aus materiellen Punkten.
Dieselben iiben zwar keine Krifte in die Ferne
aufeinander aus, aber die Bedingungen, welche
zwischen ihnen bestehen, verbinden entfernte
Punkte ebenso unvermittelt direkt miteinander.
Hertz setzt also an Stelle der Fernwirkungen
gewissermassen Fernbedingungsgleichungen.

Brill hat versucht, die Hertzsche Methode
auf Kontinua anzuwenden und es gelang ihm
auf diese Weise die Ableitung der Bewegungs-
gleichungen fiir inkompressible Fliissigkeiten.
Man kénnte nun nach Lord Kelvin die Natur
aus einem Wechselspiele von Wirbelringen oder
sonstigen Bewegungserscheinungen in einer sol-
chen Fliissigkeit erkliren, in der auch starre
Gebilde eingetaucht sein konnten. Man hitte
dann in der That ein Bild der gesamten Er-
scheinungswelt ganz auf dem Boden der Hertz-
schen Mechanik gewonnen. Aber man sieht
sofort, es wire nicht gar viel von den alten
phantastischen Weltbildern verschieden. Der
Gewinn wire bei weitem nicht so gross, als
es die schéne philosophische Grundlage der
Hertzschen Mechanik verspricht. Die letzte in



einer anderen hypothesenfreieren Weise aus-
zubauen, ist aber bisher nicht gelungen.

Verlocken die neuesten Ansichten iiber den
Elektromagnetismus nur das Heil ausschliesslich
in der Wirkung von Volumelementen auf be-
‘nachbarte zu suchen, so veranlassten gerade
auch wieder in neuester Zeit gewisse an Ka-
thodenstrahlen und bei der Elektrolyse beob-
achteten Erscheinungen zur Annahme, dass
selbst die Elektrizitit eine atomistische Zu-
sammensetzung hat, aus diskreten Elementen,
den Elektronen, besteht. Man sieht also, die
alte Kantsche Antinomie, der Gegensatz
zwischen der Teilbarkeit der Materie ins Un-
endliche und ihrer atomistischen Konstitution,
hilt die Wissenschaft noch immer in Atem.
Nur betrachten wir gegenwirtig beide An-
sichten nicht als solche, die mit inneren logischen,
aus den Denkgesetzen entspringenden Wider-
spriichen behaftet sind, sondern wir sehen in
jeder ein von uns konstruiertes inneres Bild
und fragen, welches Bild mit mehr Klarheit
und Leichtigkeit ausgebaut werden kann und
mit der grossten Korrektheit und einem Mini-
mum von Unbestimmtheit die Gesetze der Er-
scheinungen wieder giebt.

Wenn wir nun zum Schlusse das Resultat
unserer Betrachtungen resumieren, so konnen
wir als solches bezeichnen, dass sich eine Seite
aller Vorgidnge der unbelebten und belebten
Natur durch rein mechanische Bilder in einer
Exaktheit darstellen, wie man sich ausdriickt,
begreiflich machen ldsst, wie es sonst in keiner
anderen Weise bisher gelungen ist, wdhrend
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andererseits doch alle hoheren Bestrebungen
und Ideale keine Einbusse erleiden. :

Und nun noch ein Wort an Sie, meine
kiinftigen Schiiler und studentische Kommili-
tonen! Seien Sie voll Idealismus und hoher
Begeisterung in der Auffassung dessen, was
Ihnen in der Alma mater geboten wird, aber in
der Verarbeitung seien Sie mechanisch, uner-
miidlich und gleichformig fortarbeitend, wie
Maschinen.



II. Antritts-Vorlesung.

Gehalten in Wien im Oktober 1902.

Meine Herren und Damen!

Man pflegt die Antrittsvorlesung stets mit
einem Lobeshymnus auf seinen Vorginger zu
eroffnen. Diese hier und da beschwerliche Auf-
gabe kann ich mir heute ersparen, denn gelang
es auch Napoleon dem Ersten nicht, sein eigener
Urgrossvater zu sein, so bin doch ich gegen-
wirtig mein eigener Vorginger. Ich kann also
sofort auf die Behandlung meines eigentlichen
Themas eingehen.

Nun in der Abhaltung von Antrittsvorles-
ungen iiber die Prinzipien der Mechanik habe
ich mir nachgerade eine gewisse Routine er-
worben. Schon die Vorlesung, mit der ich vor
33 Jahren in Graz meine Thitigkeit als ordent-
licher Universititsprofessor begann, behandelte
dieses Thema. Seitdem erdffne ich in Wien
am heutigen Tage zum 3. Male meine Vor-
lesungen mit der Betrachtung dieser Materie,
dazu kommt einmal eine Antrittsvorlesung in



Miinchen und einmal eine in Leipzig iiber den-
selben Gegenstand.

Er ist in der That bedeutend genug, dass
man ihn so oft behandeln kann, ohne sich all-
zusehr zu wiederholen. Die Mechanik ist das
Fundament, auf welches das ganze Gebiude
der theoretischen Physik aufgebaut ist, die
Wourzel, welcher alle iibrigen Zweige dieser

Wissenschaft entspriessen. Man begreift das, |

wenn man einerseits die historische Entwick-
lung der physikalischen Wissenschaften ‘be-
trachtet, andererseits auch, wenn man deren lo-
gischen nneren Zusammenhang ins Auge fasst.

Mag sich die Wissenschaft noch so sehr der
Idealitit ihrer Ziele rilhmen und auf die Technik
und Praxis mit einer gewissen Geringschitzung
herabschauen, es ldasst sich doch nicht leugnen,
dass sie ihren Ursprung in dem Streben nach
der Befriedigung rein praktischer Bediirfnisse
nahm. Andererseits wire der Siegeszug der heu-
tigen Naturwissenschaft niemals ein so beispiel-
los glinzender gewesen, wenn dieselbe nicht an
den Technikern so tiichtige Pioniere besisse.

Um die ersten Spuren mechanischer Thitig-
keit des Menschen zu finden, miissen wir
uns aus der heutigen Zeit, aus dem Zeitalter
der Rontgenstrahlen und der Telegraphie ohne
Draht in die allerersten Uranfinge menschlicher
Kultur zuriickversetzen. Das erste menschliche
Werkzeug war der Kniittel. Ihn handhabt auch
der Orang-Utang und zwar zu einem Zwecke,
dem sich noch heute, wo wir uns so erhaben
iiber ihn denken, ein Gutteil menschlichen Er-
findungsgeistes und technischen Scharfsinns zu-
wendet. Wie soll ich diesen Zweck nennen?




Menschenmord nennen ihn die Friedensfreunde ;
Einsetzen des hochsten Preises des Lebens fiir
die edelsten Giiter der Menschheit, fiir Ehre,
Freiheit und Vaterland nennen ihn die Soldaten

Wie dem auch sei, jedenfalls miissen wir
im Kniittel schon ein mechanisches Werkzeug,
das erste Geschenk des erwachenden Sinnes
fir Technik erblicken. Als spiter die Kultur
der Menschheit sich zu entwickeln begann,
waren es nicht akustische oder optische Appa-
rate, kalorische oder gar elektromagnetische
Maschinen, was man zuerst erfand. Die Sache
ging ein wenig langsamer. Das Bediirfnis, na-
tiirliche Hohlen besser zu verschliessen, kiinst-
liche anzulegen, fithrte allmahlich zum Bau von
Wohnungen und Burgen. Die Notwendigkeit,
zu diesem Zwecke wuchtige Steine oder ko-
lossale Baumstimme herbeizuschaffen, reizte den
Erfindungsgeist. Der Mensch rundete passend
geformte Aste zu Walzen, baute spiter roh ge-
zimmerte Rider, den Kniittel benutzte er als
Hebel in der primitivsten Form und betrat so
erst unbewusst, dann mit immer mehr Absicht
und- Bewusstsein das Gebiet der Mechanik im
" engeren Sinne.

Hut ab vor diesen Erfindern in Birenfellen
und Schuhen aus Baumrinde. Der Mensch, der
zuerst mittels geschickt untergelegter Walzen
einen Stein bewegt hat, dessen Wucht fiir immer
den Riesenfiusten seiner Mitmenschen zu spotten
schien, empfand sicher nicht geringere Genug-
thuung als Marconi, da er das erste durch die
Luft iiber den Ozean geleitete Telegraphen-
signal vernahm, selbstverstindlich unter der



Voraussetzung, dass alles wahr ist, was die
Zeitungen hieriiber berichten.

Aus so unscheinbaren Anfingen wuchs die
Mechanik, anfangs unendlich langsam, aber doch
stetig und spiter in immer rascherem Tempo
empor. Schon Archimedes flosste das zu
seinen Zeiten Erreichte solche Bewunderung ein,
dass er sich die Welt aus den Angeln zu heben
getraut hitte, wenn ihm nur ein fester Stiitz-
punkt hitte geboten werden konnen. Nun, die
heutigen Fortschritte der Technik haben zwar
nicht die Erdkugel bewegt, aber die ganze
soziale Ordnung, den ganzen Wandel und Ver-
kehr der Menschheit haben sie in der That
nahezu aus den Angeln gehoben.

Ja die Fortschritte auf dem Gebiete der Natur-
wissenschaften haben sogar die ganze Denk- und
Empfindungsweise der Menschheit vom Grund
aus umgestaltet. Wahrend das frithere humanis-
tische Zeitalter in allem Beseeltes, Empfindendes
erblickte, gewShnen wir uns leider immer mebhr,
alles vom Standpunkte der Maschine zu be-
trachten. Friither durchschweifte der Fusswan-
derer singend Wald und Flur und was konnte
man in der Postkutsche Besseres thun, als
dichten und triumen, wenn nicht gerade der
Arger iiber die Langewelle iiberwog; jetzt wird
im Expresszug, im Ozeandampfer noch gear-
beitet und gerechnet. Ehemals suchte der
Kutscher durch Zureden in der Menschensprache
den Sinn seines Gaules zu lenken; jetzt diri-
giert man den Elektromotor oder das Auto-
mobile mit etlichen Kurbeln schweigend.

Und doch werden wir die Vorstellung der
Beseeltheit der Natur nicht los. Die grossen
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Maschinen von heute, arbeiten sie nicht wie
bewusste Wesen? Sie schnauben und pusten,
heulen und winseln, stossen Klagelaute, Angst-
und Warnungsrufe aus, bei Uberschuss von
Arbeitskraft pfeifen sie gellend. Sie nehmen
die zur Erhaltung ihrer Kraft erforderlichen
Stoffe aus der Umgebung auf und scheiden
davon das Unbrauchbare wieder aus, genau den-
selben Gesetzen unterthan wie unser eigener
Korper.

Es hat fiir mich einen eigentiimlichen Reiz,
mir vorzustellen, wie die in den verschiedensten
Gebieten bahnbrechenden Geister sich iiber das
freuen wiirden, was ihre Nachfolger, vielfach
auf ihren Schultern stehend, nach ihnen er-
rungen haben, so z. B. was Mozart empfinden
wiirde, wenn er jetzt eine Meisterauffiilhrung
der 9. Simphonie oder des Parsifal anhéren
konnte. Ungefihr dasselbe miissten die grossen
griechischen Naturphilosophen, vor allem der
mathematische Feuerkopf Archimedes zu den
Leistungen unserer heutigen Technik sagen; an
Begeisterung und Sinn fiir das Grossartige wiirde
es ihnen gewiss nicht fehlen. Bezeichnen wir
doch noch heute den hochsten Grad der Be-
geisterung mit dem schonen griechischen Worte
Enthusiasmus.

Doch ich bin ein wenig von meinem eigent-
lichen Gegenstande abgeirrt und muss wieder
zu diesem zuriickkehren.

Ich sprach bisher fortwahrend von Maschinen
und von Technik. Sie wiirden aber fehl gehen,
wenn Sie erwarteten, dass ich Sie in meinen
Vorlesungen in die Kunst des Maschinenbaues
einweihen werde. Dies ist Sache der tech-
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nischen Mechanik und Maschinenlehre; der
Gegenstand meiner Vorlesungen aber wird die
analytische Mechanik sein. Ihre Definition ist
viel allgemeiner. Sie hat die Gesetze zu er-
forschen, nach denen sich die Gesamtheit der
Bewegungserscheinungen in der uns umgebenden
Natur abspielt.

Wir finden daselbst zunidchst sehr viele
Korper, welche eine, wenigstens soweit die
Beobachtung geht, unverianderliche Gestalt
haben. Thre Bewegung ist also eine blosse
* Ortsverinderung und Drehung ohne jede Form-
dnderung und die analytische Mechanik wird
zundchst die Gesetze fiir diese Ortsverinderung
anzugeben haben. Andere Kérper, die Fliissig-
keiten (tropfbare und gasférmige), indern ihre
Gestalt wahrend der Bewegung fortwahrend in
der mannigfaltigsten Weise. Man kann sich
nun ein anschauliches Bild dieser steten Gestalt-
inderungen machen, wenn man sich die Fliissig-
keiten aus kleinsten Teilchen zusammengesetzt
denkt, von denen sich jedes selbstindig nach
denselben Gesetzen wie die festen Korper be-
wegt, jedoch so, dass stets 2 benachbarte Teil-
chen der Fliissigkeit immer nahezu dieselbe
Bewegung machen. Zu den Kriften, welche
von aussen auf jedes Teilchen wirken, sind
noch die hinzuzunehmen, welche die verschie-
denen Teilchen aufeinander ausiiben. Auf diese
Weise kann auch die Bewegung der Fliissig-
keiten auf die Gesetze der Mechanik der festen
Korper zuriickgefiihrt werden.

Die Bewegungserscheinungen sind diejenigen,
welche wir am hiufigsten und unmittelbarsten
beobachten. Alle anderen Naturerscheinungen
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sind versteckter. Wir konnen auch die Bewe-
gungserscheinungen mit der geringsten Summe
von Begriffen erfassen. Wir reichen zu ihrer
Beschreibung mit dem Begriffe des Ortes im
Raume und der zeitlichen Verinderung des-
selben aus, wogegen wir bei den anderen Er-
scheinungen noch viel unklarere Begriffe, wie
Temperatur, Lichtintensitit und Farbe, elek-
trische Spannung etc., notig haben.

Es ist nun iiberall die Aufgabe der Wissen-
schaft, das Kompliziertere aus dem Einfacheren
zu erkliaren; oder, wenn man lieber will, durch
Bilder, welche dem einfacheren Erscheinungs-
gebiete entnommen sind, anschaulich darzu-
stellen. Daher suchte man auch in der Physik
die iibrigen Erscheinungen, die des Schalles,
Lichtes, der Wirme, des Magnetismus und der
Elektrizitit auf blosse Bewegungserscheinungen
der kleinsten Teilchen dieser Korper zuriick-
zufithren, und zwar gelingt dies bei sehr vielen,
freilich nicht bei allen Erscheinungen mit gutem
Erfolge. Dadurch wurde eben die Wissenschaft
der Bewegungserscheinungen, also die Mecha-
nik, zur Wurzel der iibrigen physikalischen Dis-
ziplinen, welche allmihlich immer mehr und
mehr sich in spezielle Kapitel der Mechanik zu
verwandeln schienen.

Erst in neuester Zeit ist dagegen eine Re-
aktion eingetreten. Die Schwierigkeiten, welche
die rein mechanische Erklirung des Magnetis-
mus und der Elektrizitit bot, liessen Zweifel
dariiber aufkommen, ob alles mechanisch er-
klirbar sei und gerade der Elektromagnetismus
gewann immer an Wichtigkeit nicht nur fiir die
Praxis, sondern auch fiir die Theorie. Schliess-
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lich wurde seine Macht so gross, dass er sogar
den Spiess umzukehren und die Mechanik elek-
tromagnetisch zu erklaren suchte. Wihrend
man frither Magnetismus und Elektrizitit durch
eine rotierende oder schwingende Bewegung
der kleinsten Teile der Korper zu erkliren ver-
sucht hatte, so ging man jetzt darauf aus, die
Fundamentalgesetze der Bewegung der Korper
selbst aus den Gesetzen des Elektromagnetis-
mus abzuleiten.

Das bekannteste Gesetz der Mechanik ist
das der Triagheit. Jeder Gymnasiast ist heut-
zutage damit vertraut, wobei ich natiirlich bloss
von der Tragheit im physikalischen Sinne
spreche. Bis vor kurzem hielt man das Trig-
heitsgesetz fiir das erste Fundamentalgesetz der
Natur, welches selbst unerklirbar ist, aber zur
Erklirung allerErscheinungen beigezogen werden
muss. Nun folgt aber aus den Maxwellschen
Gleichungen fiir den Elektromagnetismus, dass
ein bewegtes elektrisches Partikelchen, ohne
selbst Masse oder Trigheit zu be51tzen bloss
durch die Wirkung des umgebenden Athers
sich genau so bewegen muss, als ob es trige
Masse hitte. Man machte daher die Hypo-
these, dass die Korper keine trige Masse be-
sitzen, sondern bloss aus massenlosen elek-
trischen Partikelchen, den Elektronen bestehen,
ihre Trigheit also eine bloss scheinbare, durch
die Wirkung des umgebenden Athers bei ihrer
Bewegung durch denselben hervorgerufene sei.
In ihnlicher Weise gelang es, auch die Wirkung
der mechanischen Krifte auf elektromagnetische
Erscheinungen zuriickzufihren. Wihrend man
also friither alle Erscheinungen durch die Wir-




kung von Mechanismen erkliren wollte, so ist
jetzt der Ather ein Mechanismus, der an sich
freilich wieder vollkommen dunkel, die Wirkung
aller Mechanismen erkliren soll. Man wollte
jetzt nicht mehr alles mechanisch erklaren, son-
dern suchte vielmehr einen Mechanismus zur
Erklarung aller Mechanismen.

Was heisst es nun, einen Mechanismus voll-
kommen richtig verstehen? Jedermann weiss,
dass das praktische Kriterium dafiir darin be-
steht, dass man ihn richtig zu behandeln weiss,
Allein ich gehe weiter und behaupte, dass dies
auch die einzig haltbare Definition des Ver-
stindnisses eines Mechanismus ist. Man wendet
da freilich ein, dass es denkbar ist, dass eine
Person die Behandlungsweise eines Mechanis-
mus erlernt hat, ohne diesen selbst zu ver-
stehen. Allein dieser Einwand ist nicht stich-
haltig. Wir sagen bloss, sie versteht den
Mechanismus nicht, weil ihre Kenntnis sciner
Behandlungsweise auf dessen reguldre Thitig-
keit beschrinkt ist. Sobald am Mechanismus
etwas gebrochen ist, schlecht funktioniert oder
sonst eine unvorhergesehene Storung eintritt,
weiss sie sich nicht mehr zu helfen. Dass er
den Mechanismus verstehe dagegen, sagen wir
von demjenigen, der auch in allen diesen Fillen
das Richtize zu than weiss, So scheint dieser
Umstand wirklich ¢ie Defmition des Verstand-
nisses zu biden.  Nie wir die Begriffe biiden
sollen, kann nirhs defrient wvrtlt:n, ist auch in
der That ve . cenncnct, 40043 ‘:;f, wenn ste Lo.r
stets zur ricp‘iven Hatst, ,:',”w“w fubren.



So ist ein bekannter verlockender Fehl-
schluss der sogenannté Solipsismus, die An-
sicht, dass die Welt nicht real, sondern ein
blosses Produkt unserer Phantasie, wie ein
Traumgebilde sei. Auch ich hing dieser Schrulle
nach, versiumte infolgedessen praktisch richtig
zu handeln und kam dadurch zu Schaden; zu
meiner grossten Freude, denn ich erkannte
darin den gesuchten Beweis der Existenz der
Aussenwelt, welcher allein darin bestehen kann,
dass man minder zu richtigen Handlungen be-
fahigt ist, wenn man diese Existenz in Zweifel
zieht. '

Als ich vor 33 Jahren meine schon bespro-
chenen ersten Vorlesungen iiber Mechanik hielt,
neckte mich einer meiner damaligen Grazer
Kollegen, indem er sagte: ,,Wie kann man sich
nur mit so etwas rein Mechanischem befassen®.
Er beabsichtigte natiirlich bloss ein Wortspiel;
ich aber sass ihm auf und ereiferte mich dar-
zuthun, dass die Mechanik nichts Mechanisches
sei; aber trotz ihrer Schwierigkeit, trotz des
unendlichen Aufwandes von Scharfsinn, den
durch Jahrhunderte hindurch die grossten Ge-
lehrten auf ihre Entwickelung verwendeten, hat
es doch mit dem Mechanischen etwas auf sich.

Vom Begriffe der Trigheit habe ich schon
gesprochen, ein 2. Grundbegriff der Mechanik
ist der der Arbeit. Man konnte das wichtigste
Gesetz der Mechanik ungefihr dahin aus-
sprechen, dass die Natur alles mit einem Mini-
mum von Arbeitsaufwand leistet. Wem kdmen
dabei nicht wieder triviale Nebengedanken?
Ist der Arbeitsbegriff nicht fiir die Praxis ebenso
der wichtigste und zugleich ritselvollste wie
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fir die gesamte Naturwissenschaft? Schon das
aus dem Paradiese vertriebene erste Menschen-
paar sah in der Arbeit den hochsten Fluch,
andererseits aber wire der Mensch ohne Arbeit
kein Mensch. Stetige unausgesetzte Arbeit hat
der Mensch freilich mit dem Zugtier, ja sogar
mit der leblosen, von ihm selbst fabrizierten
Maschine gemein und doch wird Arbeitsamkeit
als eine der schonsten Charaktereigenschaften
eines jeden, vom Herrscher bis zum Tagelohner,
gepriesen.

Zum Schluss mochte ich die Frage auf-
werfen, ist die Menschheit durch alle Fort-
schritte der Kultur und Technik gliicklicher
geworden? In der That . eine heikle Frage.
Gewiss, ein Mechanismus, die Menschen gliick-
lich zu machen, ist noch nicht erfunden worden.
Das Gliick muss jeder in der eigenen Brust
suchen und finden.

Aber schiddliche, das Gliick stérende Ein-
flisse hinwegzuschaffen, gelang der Wissen-
schaft und Civilisation, indem sie Blitzgefahr,
Seuchen der Volker und Krankheiten der Ein-
zelnen in vielen Fillen erfolgreich zu bekdmpfen
wusste. Sie vermehrte ferner die Moglichkeit,
das Gliick zu finden, indem sie uns Mittel bot,
unseren schonen Erdball leichter “zu durch-
schweifen und kennen zu lernen, den Aufbau
des Sternenhimmels uns lebhaft vorzustellen
und die ewigen Gesetze des Naturganzen wenig-
stens dunkel zu ahnen. So ermdglicht sie der
Menschbeit eine immer weiter gehende Ent-
faltung ihrer Korper- und Geisteskrifte, eine
immer wachsende Herrschaft iiber die gesamte
iibrige Natur und befihigt den, der den inneren



Frieden gefunden hat, diesen in erhohter Lebens-
entfaltung und grosserer Vollkommenheit zu ge-
niessen.

Hochgeehrte Anwesende, ich habe die Auf-
gabe, Thnen in den gegenwirtigen Vorlesungen
gar Mannigfaltiges darzubieten: Verwickelte Lehr-
sitze, auf das hochste verfeinerte Begriffe, kom-
plizierte Beweise. Entschuldigen Sie, wenn ich
von alledem heute noch wenig geleistet habe.
Ich habe nicht einmal, wie es sich geziemen
wiirde, den Begriff meiner Wissenschaft, der
theoretischen Physik, definiert, nicht einmal den
Plan entwickelt, nach dem ich dieselbe in diesen
Vorlesungen zu behandeln gedenke. Alles das
wollte ich Ihnen heute nicht bieten, ich denke,
dass wir spiter im Verlaufe der Arbeit besser
dariiber klar werden. Heute wollte ich Ihnen
vielmehr nur ein Geringes bieten, fiir mich
freilich auch wiederum alles, was ich habe, mich
selbst, meine ganze Denk- und Empfindungs-
weise.

Ebenso werde ich auch im Verlaufe der Vor-
lesungen von Ihnen gar Mannigfaltiges fordern
miissen: Angestrengte Aufmerksamkeit, eisernen
Fleiss, unermiidliche Willenskraft. Aber ver-
zeihen Sie mir, wenn ich, ehe ich an dieses
alles gehe, Sie fiir mich um etwas bitte, woran
mir am meisten gelegen ist, um Ihr Vertrauen,
Ihre Zuneigung, Ihre Liebe, mit einem Worte,
um das Hochste, was Sie zu geben vermdgen,
Sie selbst.

Druck von August Pries in Leipzig,
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THE

FOUNDATIONS OF MECHANICS.

—_—

1. IT cannot, I believe, be denied that amongst those who
have to apply science to practice, and especially therefore
amongst engineers, there exists considerable confusion as to
the meaning of the fundamental definitions and fundamental
principles on which the science of Mechanics is built. These
definitions and prmc1ples are explained, it is true, in the
various works written upon the science ; but the explanations
are not always as full and as clear as would seem requisite
to prevent confusion; nor is it always easy to reconcile, at
least at first sight, the definitions and explanations given in
_one work with those given in another. There would thus
appear to be a want of some treatise which shall apply itself
specially to the task of setting forth those fundamental
deﬁmtlons and principles in the fullest and clearest manner ;
using the accounts of them, given in the works above men-
tioned, as a guide, but supplementing or explaining these
where necessary, and taking care to show how they harmonise
with the actual facts, as to which, it may be stated at the
outset, there is among scientific men little or no dispute.
This want was, in fact, strongly insisted upon in a leading
article of THE ENGINEER, February 25, 1881; and it is in
the hope of supplying it, at least in some measure, that the
following pages have been written. They are not addressed
to actual beginners in mechanics, but rather to those who
have studied the subject in the ordinary way, but who still
feel that they need a firmer and surer grasp of the principles,
especxally in order to be able to apply them with confidence
in practice. It will be assumed, therefore, that the reader
is familiar with the leading facts and propositions, both of
mechanics and of engineering, and free reference will be
made to these whenever necessary. For the same reason
no attempt will be made to divide the subject sharply into

B
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the three branches of statics, dynamics, and kinematics—a
division which is convenient for the purpose of elementary
instruction, but is in some ways unfortunate as regards
the study of fundamental principles. On the other hand,
the treatise is still less intended for advanced students of
higher dynamics, whose perfect familiarity with, and agree-
ment in, the symbolic form of the science, renders them
comparatively indifferent to the names employed for its
elementary conceptions. Their business is to rear and to
ornament the building; mine is the humbler one of attempt-
ing to give an accurate plan of the foundations—a part of
the structure which architects and householders are both
somewhat inclined to neglect, but an acquaintance with
which is necessary alike for the stability of the building and
for the security and comfort of its inhabitants.

2. Before beginning to consider the definitions of me-
chanics, it will be well to make one or two remarks about
definitions in general. It is necessary, in the first place, to
draw a distinction, very important but often overlooked,
between definitions of terms and definitions of things.*
The nature of this distinction is well illustrated by the
definitions used in algebra and in Euclid When we pro-
ceed to prove a theorem or solve a problem by algebraical
methods—for instance, a problem as to- the number of
acres in a field which is reaped under certain conditions—
we begin by saying, Let £ = the number of acres in the
field.” We have then defined the term x for the purpose
of that particular problem; from henceforward it stands
merely as a convenient symbol for the words by which it
is defined, and if we take care to preserve its meaning un-
altered, we shall solve the problem much more easily and
clearly by its aid. And this w11} not prevent us from de-
fining the same term as somf:thmg quite different—say the
number of gallons in a particular tank—for the purposes
of the next problem we may wish to attack. In both cases
we are merely defining a term, and have only to take care

« This difference, which is, of course, an old one, is objected to by

. S. Mill—Logic, p. 296—but its reality and utility will be esta-

lished, I believe, at least as far as mechanics are concerned, by the
present treatise.
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that we keep the term to its definition. But when Euclid
defines a square as a quadrilateral figure, of which all the
sides are equal, and all the angles right angles, he is not
telling us in what sense he is going to use a particular
word, but is giving a sufficiently accurate description of a
particular  #4ing, namely, a geometrical figure of which
everybody has a general knowledge, and the exact pro-
perties of which it is his purpose to investigate. And all
his other definitions will be found to be of a similar
character.

3. From the distinction thus drawn several consequences
follow. It is evident, for instance, that the same word
may properly have several different definitions; different,
that is, not merely in the exact words used, but in the
conception which those words convey. But of these various
definitions one only can be the definition of a thing—
omitting the case of synonymous words, such as “race,” as
to which there is practically very little confusion : the others
must only be definitions of terms. Thus, as we have just
seen, the letter x, taking it as a word, may be defined as a
term in innumerable different ways; but as a thing it can
have but one definition, which would be somewhat as
follows :—A letter in the English alphabet expressing a
particular sound, which sound can of course be only spoken,
not written. If a word is used indiscriminately of two
things which are not, like the two meanings of “race,”
entirely different, but yet which cannot be brought under
the same definition, confusion is nearly certain to result;
and if the practice exists, and has gone too far to be stopped,
the only remedy is to banish the word from precise and
scientific language altogether. To give a single instance,
the word “nature” has been used so widely and loosely,
that . it would almost certainly be impossible to construct a
definition which should cover the whole of its applications ;
and accordingly it should never be used where accurate
writing is intended.

4. It should, however, be noted that in giving several suc-
cessive definitions to the same word, care should in general
be taken to preserve some connection between them. Thus
the connection between the innumerable definitions given to



4

x in algebraical problems, is that in every case it expresses.
the unknown quantity which is the subject of inquiry.
Similarly in Co-ordinate Geometry, x expresses the co-ordi- -
nate of a point as measured not up but across the paper. If
in any particular case we were to reverse this, and call x the
co-ordinate measured up the paper, we should be extremely
likely to get our work into confusion. Similarly, in giving a
scientific definition, as a term, to a word which is used in
ordinary speech, it is most desirable that the scientific should
not be inconsistent with the ordinary acceptation. If it is,
confusion is sure to follow, from the natural error of some-
times mixing up the meaning of the scientific term with that
of the ordinary word—a fallacy than which none is more:
common in argumentative writings of all kinds. Thus, if we
were to define nature as “the totality of all phenomena”—a
definition actually proposed—we should certainly run into
confusion when arguing with ordinary people, who recognise
the possibility at least of phenomena which are supernatural,.
or beyond nature.

5. Further, it will be evident that the definition of a
term will generally be much more meagre, but at the same
time more complete, than the definition of a thing. A
term may be used, and used correctly, of a number of
things, which perhaps have no property whatever in common,
except that to which the term applies ; and in that case the
definition can express nothing beyond that property. Thus,
if we define an explosive as “a substance having the
property, under the influence of heat or impact, of
suddenly generating a large quantity of gas,” that definition
cannot be objected to on the ground that it does not really
tell us what an explosive is; in other words, does not give
us tests by which we may recognise an explosive as soon as
we see it. The fact is that no such definition is possible.
Under the term explosives are combined a large number of’
chemical substances, which, except as to this particular
property, have little or nothing in common ; and as long as
we deal with the theory of explosion alone, the definition
given above is quite sufficient for our purposes, and indeed
the only one, probably, which could be used with satisfaction.

6. Lastly, we may draw from what has been 'said the
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obvious conclusion that there must be some things which
cannot be defined. For every definition must be in words,
and each of those words may be challenged for its own
definition; and if this is persisted in without limit, we must
either come round in a circle or consent to an endless retro-
gression. We must therefore take our stand upon certain
simple words, representing things so familiar that they can
be no further elucidated; and these must form the elements,
out of which all other definitions are made. Thus, if I am
asked in the last result to define existence, I simply reply,
“ Existence is that which I mean when I say that I myself
exist ;” and I refuse to be driven further than that elemen-
tary fact. It may seem a pity that, in all the past ages of
learned disputation, no attempt has been made to settle
what these elementary things shall be taken to be, and by
framing a list of them to establish a common basis of
argument ; but since no such attempt has been made, each
man must frame his own list in the best way that he can.

7. In the above remarks on definitions in general, we have
avoided, as far as possible, illustrations taken. from mechanics
—the science under consideration.  Their application to
that science will become clear in the course of our mvestlga-
tion, to which we may now proceed.

8. Definition of Mechanics.—Since our business is exclu-
sively with definitions and first principles, we must begin by
defining the science itself of which we treat. For this
purpose we shall adopt the definition of Rankine (* Applied
Mechanics,” Introduction, Art. 1), which is as follows :—
Mechanics is the science of rest, motion, and force.

9. To this definition Whewell (“Mechanics,” p. 3) practi-
cally adds anether clause, defining mechanics as “the science

-which treats of the motion of bodies—or which treats of

forces—so far as they are governed by discoverable laws.”
And this clause he justifies by the following weighty words :
—“In many chemical, electrical, and magnetical phenomena
the motions of bodies occur; but in those cases the circum-
stances and laws of the motion are not considered; if they
were, that part of the reasoning would belong to mechanics.

-It is probable that almost all the phenomena, in the different

departments of natural philosophy, consist in the insensibly
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small motions of particles ; and if we knew the laws of their
motions, these sciences would, so far, become branches of
mechanics; hence, it is probably only the imperfection of
our knowledge which prevents the ‘greater part of natural
philosophy from being included in the science of motion.”

10. It cannot be denied that the probability here spoken
of has become very much greater in the sixty years which
have elapsed since these words were written. We already
talk familiarly of the mechanical theory of heat; electricity
and magnetism are found to follow mechanical laws; and
the time can hardly be far distant when all the natural
sciences—at least those concerned with inorganic matter—
will be recognised as branches of mechanics. But, on the
other hand, we have little room for doubt that in the case of
all sciences the motions are governed by discoverable,
though as yet undiscovered, laws; and therefore the clause
which Whewell inserts in his definition would appear an
unmeaning restriction. At the same time, the vast future
extension of the science which he here anticipates furnishes
an additional argument for the need of attaining an exact
and accepted terminology with regard to its fundamental
conceptions.

11. Accepting Rankine’s definition of mechanics, we shall
also adopt his names for the three divisions into which, from
the very words of the definition, the science naturally falls;
namely (1) kinematics, being the science of motions con-
sidered apart from forces; (2) statics, being the science of
forces considered as producing rest; (3) dynamics, being the
science of forces considered as producing motion. At the
same time, as mentioned at the outset, we shall not confine
ourselves strictly to these divisions in the present treatment
of the subject.

12. Whilst agreeing in the matter of the above definitions,
Thomson and Tait—*Natural Philosophy,” p. 1—prefer a
different order in the names. What we have -called
mechanics they style dynamics; and they divide it into the
two parts of statics and kinetics, the latter taking the place
of our dynamics; while kinematics remains to represent the
science of pure motion. Mechanics they prefer to use as
signifying the practical science of constructing machinery,
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which appears to have been the original meaning of the
word. But the Greek word from which the term mechanics
is directly derived has a very much wider meaning than our
word machine, and may fairly be applied to any arrangement
or apparatus by which changes are, or might be, effected in
the position, constitution, or circumstances of bodies; to
anything, in fact, by which force is brought to bear. Hence
the term mechanics seems sufficiently well adapted to express
the science of forces and motions. Moreover, the distinc-
tion of statics and dynamics, and the use of mechanics and
mechanical, in speaking of the general science, have been too
long and too widely adopted, in England, France, and Ger-

. many, to be easily shaken, even if philology imperatively

claimed that they should be reformed. As a matter of fact,
the nomenclature of Thomson and Tait does not seem to
have met with general acceptance.

13. We define our subject then as the science of rest,
motion, and force. And it is obvious that we may next be
asked to define what we mean by these three terms.

14. Definition of Motion.—It may fairly be held that
motion—including rest, which is merely the negation of
motion—is one of those elementary facts to which no
definition can add anything in clearness; and accordingly
Thomson and Tait give no definition of it, while Whewell
contents himself with observing that the idea ‘is obtained
or suggested, as we observe the changes of situation in
things around us.” Rankine explains motion as “the rela-
tion between two bodies when the straight line joining them
changes in length, or in diection, or both ;” but this seems
rather a result of motion than a definition of it. Accepting
the idea of space as a final one, for our purposes at least,
motion proper, or absolute motion, would mean a continuous
change of place from one fixed point in space to another;
but the existence of such motion can be recognised by us
only through a change of position in the thing moving,
with regard to some other thing assumed to be fixed. If
there were anything which we knew to be absolutely fixed
in space, we might perceive absolute motion by change of
place with reference to that thing. But as we know of no
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. such thing, it follows that all motion, as tested and measured
by us, must be relative—must relate, that is, to something
which we assume to be fixed for the moment. Hence the
same thing may often be properly said to be at rest and in
motion at the same time; for it may be at rest with regard
to one thing, and in motion with regard to another. Thus,
take the very homely instance of a man punting his barge
up a river by leaning against a pole which rests on the
bottom, and by advancing his feet successively on the deck
as if walking. Such a man is in motion relatively to the
barge ; he is also in motion—but in a different manner—
relatively to the current ; he is at rest relatively to the part
of the earth immediately under his feet; he is in motion
relatively to the polar axis of the earth and to the sun;
whilst it is easy to imagine a proper motion of the whole
solar system such that he would be absolutely at rest in space.
15. Motion, then, as regards the observer, is the change
of place of the moving thing with reference to some other
thing, supposed fixed ; as regards the moving thing, it is a
condition in which it is changing its place with regard to
some other thing. And from these facts—that motion is
- relative, and that it is a condition—we see at once the
error of those who assume that motion is a #47g, an object
with a separate existence of its own, which can be measured
and handed from one to another, and is by nature indestruct:
ible. Motion can no more be dissociated from a thing
moved, than pain from a person pained, or decay from a
thing decaying. That this is so is shown in common speech,
since we can only speak of a thing being in motion, or the
“motion of a thing. We cannot speak of a motion without
reference to some thing any more than of a pain without
reference to some body. Hence it is clearly a mistake in
language to speak of a quantity of motion, since quantity
implies the measurement of some definite thing; and
“accordingly the old term “quantity of motion,” though
only employed in a technical sense, has been properly
replaced by “momentum.” We cannot speak of the
quantity of a pain: we speak of its intensity ; and so we -
- might speak of the intensity of a motion, were it not that this
, has a specific name of its own, namely, velocity.
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16. For the same reason, in using accurate language, we
must not say that motion is #zansferred from one body to
another. If A, finding himself in a passion with B, usés
-injurious terms which put B in a passion also, we cannot
say that A has transferred his passion to B, even if his own
anger has been somewhat relieved by the explosion.
Similarly, if a body A strikes against a body B, and puts it
in motion whilst stopped itself, we must not say, speaking
scientifically, that A has transferred its motion to B. It has
only put B into a like state—with reference to some assumed
fixed point, be it remembered—to that.in which it had
previously been itself. This may appear an unnecessary
strictness of language ; but there seems reason to think that
the frequent use of the word transference, as applied to
motion, is one of the causes which have led men to consider
motion as a thing instead of merely a condition.

17. The above does not, of course, imply that there is no
such condition as absolute motion, or that practically there
are any bodies which are not in a state of absolute motion;
but only that the direction and the intensity of absolute
motion are for us impossible alike to recognise and to
measure, and therefore that no conclusions can properly be
drawn from it.

18. Definiition of Force—We have now defined mechanics
as the science of force and motion, and we have explained,
in the impossibility of defining, the sense of the word motion.
We must next define, or explain, the sense of the word force.
The definition we shall give is a very brief one, and is this:
—A force is a cause of motion.

19. This definition is substantially that given by most
writers on mechanics; but by those who approve it, it is
usually expressed in an expanded form, while it is dis-
approved altogether by others. It is therefore necessary to
defend it on both these sides.

20. The expanded definition is that given by Newton,
“Principia,” Def. v.,* and is nowhere put more clearly than

# The literal translation of Newton’s wording is :—Impressed force

is an action exercised on a boedy, tending to change its state either of
rest or uniform motion in one direction.’”’
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in the “Course of Mathematics” by the present Bishop of
Carlisle, where it appears as follows:—*“Force is any cause
which changes, or tends to change, a body’s state of rest or
motion.” The object of this expansion is of course to
bring out the fact that forces may act in many cases without
causing motion, e.g., when a weight rests upon a table. But
the fact in such cases is not that force, as a cause of motion,
ceases to operate, but that its operation is exactly balanced
by an opposite or counteracting force. Now we are perfectly
familiar with the idea that a cause may exist, and yet may
be prevented by an opposing cause from producing the
whole or any part of its ordinary effect. For instance, we
certainly hold that the attraction of the earth is the cause of
the fall of bodies, although from opposing causes many
bodies remain suspended above it, or even rise.  Again, we
say that the application of fire to gunpowder causes an
explosion ; although we know that if the powder be wet, the
explosion will not follow. Or, again, we say that radiant
heat is a cause of the sensation of warmth in my hand;
although in any given case, e.g., if the hand is numbed, or
at about the same temperature as the source ot heat, that
sensation will not be experienced. That force, therefore,
although the cause of motion, may not in all cases produce
actual motion, is not really a separate part of the definition,
but is deducible from the fact that force is a cause. The
deduction will properly take the following form:—A force,
being a cause, will produce motion, unless it is prevented
from doing so by a counteracting force. In practice, the
cases where it is 'so counteracted are, of course, numerous
and important; and the investigation of these forms the
science of statics.

21. Turning next to those who disapprove of the defini-
tion altogether, we cannot select better exponents of this
view than Thomson and Tait, who observe, “The idea of
force, in point of fact, is a direct object of sense; probably
of all our senses, and certainly of the ‘muscular sense.’”
Hence they regard force as an ultimate fact of consciousness,
like warmth, sweetness, or any other sensation, and refuse to
define it. Now, I fully concur in the view that force is an
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ultimate fact of consciousness,* though it may be doubtful
whether it is properly classified as an object of sense; but I
justify the use of the definition by appealing to the distinc-
tion drawn in the introduction between definitions of things
and definitions of terms. As a #hing, force is indefinable.
We can only say, “Force is that exertion of which I am con-
scious when I pull or push or lift, or do anything of which I
say that it requires force.” But the Zrm force, as used in
mathematics, may be defined, and is defined with advantage
in the words here given. The advantage is two-fold In
the first place, by means of this definition, we can exclude
from mechanics a number of questions which might other-
wise be asked, and would have to be answered, although the
answer has nothing to do with the science. For instance, we
get rid of the complaint which is sometimes made that
writers on mechanics do not, after all, tell us what force is,
in its essence and real nature. For answer, we only reply
that we define force as a Zrm, and that, as pointed out in
the introduction, the definition of a term does not imply or
require any other statement whatever as to the various
objects in nature to which that term may be applied. For
instance, we do not assert that what we call gravitation, and
what we call magnetism, have any connection whatever, ex-
cept the fact that they both produce motion, -and are therefore
forces; while still less do we assert that we may not, in the
further progress of this or other sciences, be able to trace
out some further connection between them.

* This view of force is also taken by Mr. Herbert Spencer, in his
¢ First Principles;”’ but I altogether dissent from his furtgeer statement,
that the idea 1s given by the impressions—of resistance, &c. —made on
us by external objects. Let the reader rest his hand on the table with
a book upon it, and then let him begin slowly to exert and to increase
force until the book is just lifted. The sensation produced by the book
upon the hand does not alter. What supervenes is a sensation, if it
can be called so, in-the muscles of the arm, accompanied by an
involuntary inspiration, and general feeling of tension throughout the
body. The idea of force is given by what we exert ourselves, not what
other bodies exert upon us. Of course, it does not follow but that
there must be a resisting body to give us the feeling. The difference is
like that between an idea and a thought—we may not be able to think
t-\zi.thout an idea to think of; but idea and thought are not the same
ings.
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22. In the second place, we are able to show that certain

“principles, which must otherwise be laid down as separate

and independent axioms, flow in reality from the definition,

" either directly, or by the aid of general principles, which do

not belong to one science only, but are common to many.

“This is of great importance, inasmuch as the structure is

thus shown to rest not on so many separate props, but on a

_stable and connected wall. One instance of this we have

given already, in showing that the definition of force as a
cause leads at once to the principle that forces may be
counteracted by other forces, and that an expansion of the
definition to include this fact is not therefore necessary.

~And we will now give two others, which are, perhaps, still

more important.
23. It is sufficiently clear that all causes external to my-

:self can only be known to me by their effects, direct or in-
“direct, upon myself. For instance, if I am eating my dinner
in a room in London, I may be receiving from external

objects impressions of sight, hearing, smell, taste, and
touch, all of which have no existence for my neighbour,
only a few feet distant, but on the other side of a thick
party-wall. The causes are there, in his immediate neigh-
bourhood; but he knows nothing of them, because they
produce no effect upon him. And if causes are only known
by their effects, it follows that they can only be estimated or
measured by their effects. In such measurement, however,
we must take care to begin by examining the effects of the
causes on one and the same object—since different objects

‘may produce a specific difference in the effect—and also

during the same times. Now apply this to the case of
force, defined as the cause of motion. Then it follows that
we can properly measure a force—or, in other words, we
can properly compare the magnitudes of two forces—only
by comparing the intensity of the effects, that is the intensity
of the motions, which they produce in one and the same
object. But the intensity of motion is velocity, and hence

.we have the principle, that when forces are applied to the

same object—or to objects in all respects equal—they are

"measured by the velocities which they generate in a given

time.
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24. The second principle referred to is derived from our
definition by the help of an axiom, which is perhaps the -
widest and most important generalisation which science has '
yet been able to make in the domain of nature. It is so |
vast, nay universal in its scope, that it includes within itself,.
or within its converse—as we shall hope to show at ‘another

. time —many other principles which are generally stated

independently, as generalisations of the first rank in width
and importance. Indeed the universal principle has been
so far merged in these, which are really particular cases of *
it, that it has hardly as yet received a distinct standing and
name of its own. It will, perhaps, be best understood under
the name of the Principle of Conservation. And it will,
perhaps, be most clearly, if somewhat metaphorically, ex-
pressed by two simple words—Effects live. By this is meant
that the effect of any cause do€s not away or cease when
the cause is withdrawn, any more than the life of the
offspring dies or ceases when it is separated from the mother;
nay, more, it will not cease at all, but will continue to live
by its own vitality, as it were, unless and until it is violently
put an end to by some other action of the opposite character.
In a word, an effect does not cease ; it is only destroyed.
And even when destroyed itis not as though it had never
been; for its destruction in itself produces an effect, and in
some way an equivalent effect, on the agent which has
destroyed it; and by the same law this effect also lives, unless
and until it likewise is destroyed by some third agent, to -
which in turn it also communicates an equivalent effect; and
so the generation is continued for ever.

25. The proof of this great generalisation, like that of all
other generalisations, lies mainly in the fact that the evidence
in its favour is continually augmenting, while that against it
is continually diminishing, as the progress of science reveals
to us more and more of the workings of the universe. That
it is true to some extent is shown by such every-day facts
as that a stone continues to fly after it has left the hand, that
waves continue to roll after the wind has dropped, that the
horseshoe continues to glow after it has been withdrawn
from the fire, and so forth. On the other hand the apparent
exceptions—7z.e.,, the cases in which effects seem to die
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away altogether, after a longer or shorter interval—are so
many that it is not to be wondered at if for many ages the
principle failed to impress itself on the human mind. But
the progress of modern science has shown so many of the
exceptions to be apparent only, not real, and has at the same
time brought to light so many additional instances of the rule,
that the current of thought has changed ; and the danger is
now lest men should follow the rule too blindly and
implicitly, and extend it to regions where it has not been
shown to hold. Among the exceptions explained, may be
mentioned as a signal instance the discovery that where
mechanical work disappears it is always converted into some
equivalent, such as heat; and among the new illustrations
of the rule, the noblest is, perhaps, that furnished by
astronomy, which teaches us that the majestic sweep of the
planets through space is due to their having once for all been
set in motion by something beyond themselves, somewhere,
somewhen, somehow.

26. Without dwelling further on the proof of this great
principle, we may proceed to apply it to our definition of
force. If force is the cause of motion, and if effects live,
then the particular effect called motion lives. In other
words, a body once acted on by a force will retain precisely
that intensity and direction of motion which the force has
left it with, unless and until some other force supervenes to
cause a change. In more definite language, a body, under
the action of no external force, will remain at rest, or move
uniformly in a straight line.

27. This is Newton’s first law of motion, which is usually
stated as an independent principle of dynamics, but which
is thus seen to flow from the definition of Force by the
simple application of the universal principle of Conservation.
It is a well-known fact that the want of appreciation of this
principle delayed for ages the progress of dynamics ; because
men thought themselves bound.to look for the force which
kept up the motion of a body, instead of simply looking for
the force that had started it. This fact may at least teach
us not to fall into the opposite error of regarding the
principle of conservation as a necessary truth. There is
no @ priori reason to be given why effects should not die
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away of themselves, either at once or by degrees. Looking
to the continual instances of decay around us, this seems to
me even now the easier and more natural supposition ; and
I only accept the opposite because the facts of the universe
force it upon me.

28. There are other fundamental principles, besides the
first law of motion, which may be deduced in the same way
from the definition ; but it will be better to postpone these
to a later stage.

29. Cause.—We must not leave the definition of force
without saying something about the other essential word which
it contains, namely, cause. To discuss this word thoroughly
in the light, or shall I rather say in the obscurity, of all that
has been written upon it, would fill a volume, and would
take us off the solid ground of science into the confused
and misty limbo of metaphysics. But there are some few at
the present day who appear to disapprove of the word
altogether, and to imagine that it may and should be done
away with. Recognising the fact that external causes are
only known to us through their effects, they apparently infer
that we do not know them at all, and have no right or need
to suppose their existence. Thus in mechanics they would
eliminate force altogether, and pursue the science with the
conceptions of motion alone. In answer to this it might
be thought sufficient to appeal to the universal acceptation
of the reality of causation ; to the effect that even sceptical
writers like J. S. Mill and Herbert Spencer found their
theories of things upon it, and regard the existence of an
effect without a cause as absolutely impossible either to
credit or to conceive. I am not myself, however, disposed
to adopt this position, and would rather urge upon these
despisers of causes the following more practical considera-
tions.

30. (@) The history of science is the history of the dis-
covery of causes; her advances have been made on the
single plan of studying events with a view to determine the
causes of them. Thus the objectors are urging her to for-
sake a road which is thoroughly explored, and has already
led to splendid discoveries, in order to follow one whose



16

course and end are alike unknown. To take the instance of
mechanics, they would abolish what is called dynamics, and
merge it altogether in kinematics. Let them then produce
a new edition of Newton’s « Prmcnpla, or Thomson and
Tait’s “Mechanical Philosophy,” in which all the results
shall be fully and satisfactorily proved, without the word or
the conception “force ” being anywhere used in the proofs.

It will then be time for them to claim that these works
should be henceforth thrown aside as superannuated lumber.

31. (6) It is true that external causes are only known to
me by their effects ; but these are not the only causes. I
am myself a cause ; and here it is the cause which is known
directly, and the effects which are known indirectly. Thus
1 have already set forth the view, shared by men so different
as Whewell, Thomson and Tait, and Herbert Spencer, that
we have an immediate and ultimate conception of force, as.
causing those motions which we produce; and have there-
fore exactly the same reason to assume its reality as to assume
the reality of thought, of sensation, of space, or of anything
clse which forms a primary fact of consciousness.

32. (¢) Aswe have already seen, motion cannot be looked
upon as a thing in itself; it must always be the motion of
somcthing. Now that something cannot always be ourselves,
otherwise we could treat of no motions except our own.
Hence it must be something external to ourselves, and there-
forc known only by its effects upon us. But the motion is.
not the motion of the effect; the effect—the sensation or
impression produced upon us by a moving object—has no
motion, or a motion wholly different from that of the object.
Hence there must be something which moves, and this
something is not an effect upon us, and yet is indissolubly
connected with some effect upon us. *Now this connection
is precisely what we express by the word causation. Hence
if there is external motion, then there is something which
moves, and that something is a cause. Therefore those who

admit that there is such a thing as external motion, must
admit that there are such thmgs as causes ; and, if so, those
causes must be worth investigation, and science cannot be
complete unless it investigates them. Moreover, if there are
causes for impressions in general, it becomes probable that
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there are causes for motion also; and this probability becomes
almost certainty when we remember, first, that we are directly
conscious of ourselves as causing motion by exerting force ;
and, secondly, that science strengthens daily the proof that
all impressions made upon us are due to motions of some
kind or other.

33. Definition of Matter—The definitions of force and
motion do not enable us to proceed at once to the first
principles of the subject, for we have seen that motion
implies something which moves, and I may be asked to
define this something. The general name given to this
something is matter, and we may therefore begin by saying
that matter is that which is moved by force; but this is not
really a definition, although given as such by some writers ;
it is merely a substitution of the name ‘“matter” for the
general word “something.” We go on to inquire whether
any definition, whether as a term or a thing, can be given of
matter.

34. The writers on mechanics treat this question in ways
which vary considerably. Some, as Moseley and Maxwell,
attempt no account of it, and simply proceed to speak of
matter, or of bodies, as things with which their readers are
familiar. Others, as Whewell, define body or matter as “the
most general name which we give to everything which is the
object of our senses.” This explanation, though suited
perhaps to metaphysics, is not of the character required for
dynamics. Rankine—* Applied Mechanics, Introduction”
—defines matter as “that which fills space;” but he omits
to state whether this means that which really fills space, or
that which apparently fills space—a very important difference.
Moreover this definition touches a much-vexed question,
which there is no necessity to solve for the purposes of
mechanics. Thomson and Tait—ch. 2—observe: “We
cannot, of course give a definition of matfer which will
satisfy the metaphysician ; but the naturalist may be content
to know matter as #kat which can be perceived by the senses,
or as that which can be acted upon by, or can exert, force.”
The former of these definitions, like Whewell’s, is a meta-
physical rather than a physical one; and moreover, seems

c
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open to the objection that what is directly perceived by the
senses—e.g., warmth, light, sweetness, pain—is not matter,.
but an effect of some condition of matter. The latter seems
at first sight the same as that suggested in the last paragraph;
but we immediately see that it includes something else, and
that something of the greatest importance ; for it says that
matter can not only be acted upon, but can act; can not
only be moved, but can also cause motion. It does not, of
course, imply that there is one kind of matter that acts and
another that is acted upon ; one kind which causes motion,,
and another which is moved. The whole of mechanics is
built on the assumption—explicitly stated, in fact, im
Newton’s third law of motion—that matter both acts and is
acted upon. Hence, looking forward to the fundamental
principles of the science and the mode in which they are
proved, I propose to formulate the definition of matter, as &
term in mechanics, as follows :—Matter consists of a collection
of centres of force distributed in space, and acting upon eack
other accordiug to laws, which do not vary with time, but do
vary with distance.*

35. This definition is of matter in general; but in practice
we are always treating of some definite portions of matter,
and we require names to express these portions, according’
to their size and other properties. The names usually
employed are the following, beginning with the most
elementary.

*# Tt may be well to say something of the terms which occur in this:
definition. ¢ Collection,” ¢ distributed,” ¢space,” “laws,” are all
ordinary and well-understood words, which need not detain us. The-
laws in this case are laws the mathematical expression of which is not
a function of time, so that, other things remaining the same, the force:
acting is always the same from one moment to another. On the other
hand, the mathematical expression of these laws is a function of the
distance between the two centres considered, so that as this distance-
varies the force acting also varies. Lastly, the conception of a ‘“centre:
of force” is one which becomes familiar to every student of analytical
dynamics. It is that of a point in space movable or fixed, from which,
as a centre, force is exerted in directions upon’ all other points.
which have the capacity of being acted upon by it ; in contradistinc-
tion to a point which does not act on others at all, or only on
points in certain positions, ¢.g., along a particular line, or on a par-
ticular surface.
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36. (1) The centre of force itself is called an ultimate
atom, or a physical point. Like a geometrical point, it has
no assignable parts or magnitude, .and cannot therefore be
compressed, extended, or divided. It is, in fact, a geometri-
cal point, conceived as having also the properties of exerting
and receiving force, and of being movable through space,
whilst retaining its constitution unaltered. The word “point”
is, perhaps, the simplest and shortest which can be applied
to it, but in this treatise I shall continue, for greater clearness,
to use the word ¢ centre.”

37. (2) A collection of points or centres, acting on each
other, and so intimately and closely bound up together that
no known process or natural force can separate them, is
called an atom or a molecule. I shall here follow Clerk-
Maxwell in using the latter term.

38. (3) A collection of points, simply considered as so
small that for the purpose of any particular investigation, or
for those of elementary mechanics in general, it may be con-
sidered as concentrated in a single central point, is called a
particle. This word is used merely to imply that all ques-
tions of size, rotation, constitution, &c., are for the present
left out of account.

39. (4) A collection of points of any size or shape whatever,
which for the purpose of any investigation is treated together
as a whole, is called a body.

40. On the foregoing definitions the following remarks
may be made.

41. (a) The definition of matter, as stated, is only its
definition as a term of mechanics, and only relates to it as
it is concerned with force. It does not assert or deny that
matter may have other properties; eg, the properties
which distinguish the different chemical elements may &e
special properties of so many different kinds of matter. If]
however, chemical properties, &c., should eventually beresolved
into manifestations of force, this distinction would cease ;
and thus, what is now the definition of matter as a Zerm
may eventually prove to be also its sufficient definition as a
thing.

42. (6) The definition covers all those properties usually

4
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classed as general properties of matter. Extension on this
view is recognised as a property, not of the centres of force
themselves, but of the space in which they are distributed ;
as it is of all space. Hardness, colour, temperature, pene-
trability, &c., are all now recognised as properties depending
merely upon force.

43. (¢) At the same time the definition does not absolutely
commit us to the statement that the centres of force are in
the strict sense infinitely small. All I insist is that no
assignable magnitude can be allowed to them. If anyone
prefers the conception of a magnitude which, though less
than any assignable magnitude, is yet not infinitely small, he
is not precluded from it.

44. (d) The definition does not preclude the existence of
different £inds of matter. Thus there may be two kinds—
A and B—such that all centres belonging to kind A act on
each other according to one and the same law, but act on those
of kind B according to a different law, or even do not act on
them atall. For example, there are certainfactswhichappearto
show that the attraction of gravitation does not exist between
the molecules of the ether and the molecules of a crystal;
on the other hand, the fact that the molecules of the crystal
are thrown into agitation by the radiant heat of the sun—
which is an undulation in the ether—seems to prove that
some action takes place between the two sets of molecules.
Assuming this, we should say that the molecules of the
earth and of the ether belonged to different kinds of matter.
But elementary mechanics does not consider the motions of
the ether, and therefore for the purposes of this treatise we
may consider all matter as of one kind ; in other words, that
the centres of force are all alike, and all act on each other
by like laws.

45. (¢) As already mentioned, some writers, such as
Maxwell, avoid the use of the word “matter ” altogether,
and prefer to speak of a “body,” in all cases understanding
thereby a portion of matter of any size and form ; and in
the article of THE ENGINEER already referred to, and also
in a paper by Dr. Lodge—/Phil. Mag., 1879—this practice
is formally approved and adopted. For many purposes
there is no harm in this course ; but when we are trying to
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give a rational account of the principles of the science, with
a view to their application in practice, it appears to me open
to grave objection. For the general result of the application
of force to a finite body is to produce three different effects:
—(1) a translation of the whole. body in some direction ;
(2) a rotation of the whole body about some axis; (3) a
strain or internal displacement of the different parts of the
body. Now to consider all these three effects together forms
the office of the highest and most difficult branch of
mechanics ; and therefore for elementary purposes it is
essential to consider them separately, beginning with the
simplest—that of translation. But if we take as our typical
case that of a finite body of any size, we can only treat the
case of translation separately by making two assumptions.
First, to get rid of rotation, we must assume that the direc-
tion of the force passes exactly through the centre of gravity
of the body. This assumption is realised, at least approxi-
mately, in many cases of practice, but by no means in all.
Secondly, to get rid of internal strains, we must assume that
whatever be the external force, the body preserves the
arrangement of its parts absolutely unaltered, which is
expressed by saying that the body is rigid This is an
assumption which is a very large one indeed, inasmuch as it
amounts to saying that the internal forces of the body are
infinite ; and it is needless to add that it is zezer realised in
practice. Thus, the extension of a steel bar becomes a very
visible quantity long before it breaks; or again, the com-
monest of all engineering problems, that of the strength of
a beam or girder, cannot be approached at all without
assuming that it 4as changed its form under theload. Now,
to make this vast and radically false assumption the very
basis of our dealings with the science, appears to me a
course fraught with danger; it is almost certain to produce
confusion, if not in the mind of the teacher, at least in the
minds of the taught. On the other plan, by beginning
with the simple element, or centre of force, and considering
first the action of one centre of force on another, we get rid
of the need of both assumptions; for the force must pass
through the centre of the body acted on, since it is nothing
but a centre; and there can be no strain of its internal
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parts, since it has no internal parts. In this arrangement, I
only follow what is surely an accepted rule in the teaching of
science, namely, to begin with a single case, and with the
simplest elements, and thence to rise gradually to compounds,
and to complicated arrangements.

46. (f) What has just been said is not, of course, to be
read as objecting to the legitimate use of the hypothesis of
rigidity. 'When the principles and lower branches of the
subject have been mastered, it is perfectly open to make this
approximate hypothesis for the purpose of attacking some of
the higher problems, which are more easily mastered thereby ;
and, in fact, this process forms a separate branch of the
subject, under the name of rigid dynamics. But the first
and lowest branch of analytical dynamics is called dynamics
of a particle; and this branch goes throughout on practically
the same assumption as that here advocated—namely, that
the body considered has no parts to produce rotation or
strain. The only objection to the use of the word “particle,”
instead of “centre,” or “physical point,” is that it leaves out
of sight the fact that the body considered, besides being
acted upon, is itself in all cases a source of action; and this
fact seems to me so important that, in a treatise such as the
present, it is well, even in our terminology, to keep it con-
stantly in view.

47. (g) Thisis, perhaps, the place to mention an objection
to the conception of matter as consisting of forcecentres,
which has been brought by no less an authority than Prof,
Clerk-Maxwell. He observes—‘Theory of Heat,” p. 86—
that such a conception takes no account, and can take no
account, of the property of inertia, which is essential to
the idea of matter. To this the reply, on the definitions
here laid down, is easy. No doubt the idea of inertia does
not flow directly from the definition of force; but it does
flow at once from that definition, combined with a general
principle which nobody will dispute, namely that any
effect which we can see and measure—and therefore any
motion, amongst other effects—must be jfinize, and not
infinite. Hence, since we define forces as the cause of
motion, and since we know them only through the motions
they cause, it follows that any forces we can investigate
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must produce only finite motions in the bodies, or centres,
to which they are applied; in other words, any known body
under the action of any known force will only be caused to

move over finite distances in finite times. And that is pre-

cisely the fact which is expressed by the term inertia.

48. (/%) It remains to answer the objection that I have no
right to assume that the forces connected with matter are
central forces at all. To this I reply that the conception of
centra] forces is of course only one among many possible
conceptions as to the action of forces, with which the
student becomes perfectly familiar in his progress through
mechanics. But the assumption that all the forces of nature
are central forces is justified by the fact that all the natural
phenomena, which have as yet been explained on mechanical
principles, have been explained on that hypothesis. To cite
only one instance, the widest generalisation yet made as to

. the mechanics of the universe, namely, that known as the
Conservation of Energy, has been proved only on the sup-
position that all the forces concerned are central forces. If
anyone doubts this, he may be referred to the mathematical
demonstration of the principle in any work on dynamics;
or to explicit declarations such as that of Maxwell, “ Theory
of Heat,” p. 93, or of Clausius, at the end of his demon-
stration of the principle, “Mechanical Theory of Heat,”
p- 16. The latter is as follows :—*“The assumption lying at
the root of the foregoing analysis, viz., that central -forces
are the only ones acting, is of course only one among all
the assumptions mathematically possible as to the forces ;
but it forms a case of peculiar importance, inasmuch as all
the forces which occur in nature may apparently be classed
as central forces.”

49. (¢) To some minds the definition here given of matter
will be an offence, owing to an & griori impression that the
action of two centres on one another across empty space
cannot possibly exist. To this I can only reply as follows:
—(1) A priori impressions have in all ages been the worst
foes of science, and she has met and conquered too many
to stop her course for any of them now. (2) This special
conviction is probably not even a frequent, much less a
general one ; to many minds the idea of action across empty

4
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space, or action at a distance, presents no greater difficulties
than any other mode of action. (3) I have elsewhere shown
—/Phil. Mag., January 1881—that various simple phenomena
cannot be explained, except on the hypothesis that action at
a distance exists ; and also that* the ordinary assertion of
Newton’s having disbelieved its existence is erroneous.
(4) The definition does not absolutely preclude such minds
from holding that the actions of matter are caused by the
contact of some unknown description of extramundane par-
ticles, in any case where they can show that all the facts
are reconcileable with that hypothesis. It seems clear, how-
ever, that for a very long time to come it will only be pos-
sible to represent mechanical facts to a student by telling
him that the forces act as #f Zkey were central forces ; and
while that is so the present definition will at least be the
most convenient.

s50. We have thus arrived, so far, at the following defi-
nitions :—(1) Mechanics is the science of motion, rest, and
force. (2) Motion is an ultimate conception, which cannot
be further defined, but is recognised by change of position
with reference to something assumed to be fixed : all motion
that can be recognised is therefore relative. (3) A force is a
cause of motion. (4) Matter, or that which is moved by
forcce, consists of a collection of centres of force distributed
in space, and acting on each other according to laws which
do not vary with time, but do vary with distance.

s1. Having thus defined the science, and defined the
special things with which it is concgrned, the next step is to
consider how these things are to be measured ; for if we
hesitate fully to accept the well-known apophthegm, “Science
is measurement,” we cannot at least feel any doubt as to its
converse, “ No measurement, no science.”

52. The mode in which motion, force, &c., are practically
measured is known to all ; and there is no difficulty in show-
ing how this mode is deduced from our definitions. We
must begin by pointing out that there are three fundamental
elements of all sciences, on the measurement of which
measurements of every other kind are eventually founded.

* This, I find, has already been pointed out by Sir E. Beckett,
« Origin of the Laws of Nature.”
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These are time, space, and weight. For the purposes of
this inquiry I shall assume that these, as things, are per-
fectly well known, and shall not attempt to define them, if
even such definition were possible. I need only in passing
state that, like all ordinary men, I look upon them as
things, and not, like a few bewildered metaphysicians, as
abstractions, sequences, or what not. Passing on to con-
sider how these are measured, we find in practice that the
only possible mode is to adopt some one definite standard,
kept at a definite place, which the inhabitants of a State
agree to regard as a final appeal and measure on each of
these subjects. Thus, in England the standard of time is
the rate of a particular clock, the standard of space is the
distance between two marks on a particular bar of metal,
and the standard of weight is the weight of a particular mass
of metal—all of which may be seen and used at Greenwich
Observatory. It is, of course, essential that these standards
should themselves be permanent and unalterable, and to
ensure this they are frequently checked by various natural
standards ; e.g., in the case of time, for which the artificial
standard is most liable to variation, it is checked by daily
transit observations of sidereal time. Into these questions,
however, we need not enter. Assuming that, by means of
these artificial standards, we have the power of measuring
with considerable exactness space, time, and weight, we have
to inquire how we can apply these measurements to the
purposes of mechanics ; in other words, to the measurement
of motion, force, and matter.

53. Measurement of Motion.—I have already observed
that we cannot speak properly of the quantity of a motion,
but only of its intensity, and that to the intensity of motion
has been given the special name of velocity. Now, when
we say that one body has a greater velocity than another, we
simply mean that it is passing through a greater distance
than the other in the same time. But space and time are
both capable of measurement. Hence, if we can measure
any interval of time, during which we know that the velocity
remains constant, and can also measure the interval of space
which a body travels over during that time,* then the ratio

® If we measure the space by the distance between two points, as is
usually the case, we must take care to see that these points have neither
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of the space to the time, as thus given, is a proper measure
of the velocity of the body. If we are sure that the velocity
does not alter appreciably during a unit of time, eg., one
second, it is convenient to take that as the interval of time
in all cases; and we then measure velocity by the space
passed over in one second. But in practice nearly all
velocities are constantly varying, and then we must adopt the
usual mathematical expedient, and assume an interval of
time so short, that the variation of velocity in that interval
vanishes. If s be the symbol for space, and # for time, the
symbolical expression for velocity will then be, by the ordi-

nary notation of the differential calculus, Z;-

54. Measurement of Matter.—With a view to this object,
Newton, in the introduction to the “ Principia,” introduced
the well-known conception of “mass,” and in this he has
been followed by all subsequent writers. Probably many
students have felt some difficulty in studying this conception,
from the apparent obscurity as to its measurement. Mass,
according to Newton, is the quantity of matter in a body,
and is the product 'of its volume and its density. As volume
and density are both things of which we have a tolerably
clear conception, this language assists us, no doubt, in
arriving at an idea of mass as a #king; but as we'have no
direct means of measuring density, it fails to establish a
definition of mass as a term. Newton accordingly states
explicitly that mass is to be measured by weight; but he
gives nothing but experimental evidence to support this
statement. On our definition of matter the question
becomes perfectly clear. Matter being defined (for the pur-
poses of this treatise) as a collection of like centres of force,
the quantity of matter in a given volume simply means the
number of centres of force contained in it, just as the quan-
tity of shot in a given bag simply means the number of
pellets.  This then would be the absolute definition of mass;
and the absolute mode of measuring mass would be to

of them altered their position, during or since the motion, with refer-
ence to whatever is assumed as absolutely fixed, ¢ g., in terrestrial
measurements, the earth on which we stand.

.
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count the number of centres. But from their immense
multitude and smallness this is impossible, and some more
practical method is to be sought for. Now since all centres
act on each other alike, and with forces which are the same
at the same distance, it follows that if we can isolate a point,
or centre of force, and place it so that it is at practically
equally distances from all centres in a body, then the force
which the body exercises on this point will be simply the
force due to one centre multiplied by the number of centres,
and therefore will be proportional to that number. The
force exercised between the point and the body would then
be a measure of the body’s mass. Now we cannot isolate a
single centre, but practically we can treat the earth as a
standard isolated .body for this purpose, and we measure the
mass of any other body by the force existing, under standard
circumstances, between it and the earth—in one word, by its
weight.

55. Measurement of Force—We have seen that the solar
system, considered mechanically, is a collection of lke
centres of force or points, acting on each other by like laws,
which vary with the distance. Let us now consider a single
point, as related to any number #z of other points, which are
all at the same distance from it, and form, in fact, an
element of the surface of a sphere, of which it is the centre.
It is evident that the force existing between any one of
these points and the first point will be the same ; and there-
fore the total force acting between the first point and the
element will be proportional to the number 7 of points, ze.,
by the last definition, to the mass of the element. If these
forces are left to themselves, then, taking the central point
as fixed, the element (since force causes motion) will move
towards it or from it with ever-increasing velocity. But
suppose another force to act directly upon the element and
keep it at rest, or moving uniformly; then this force must
balance the force existing between the element and the
centre, and therefore it must be proportional to the mass of
the element. Hence we see that where the velocity is
unaltered force varies as the mass. But we have already
seen, from the definition of force, that when the mass is
unaltered force varies as the velocity caused in a given time.
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Hence, by the ordinary law of proportion, when both are

altered, force varies as the mass acted upon multiplied by the
velocity caused in a given time. Now the product of the
mass by the velocity of a body is called the Momentum,
and forces when they act to produce motion in bodies are
called Moving Forces ; and we may therefore state the con-
clusion at which we have arrived by saying that moving
forces are measured by the momenta which they generate
in a given time. This is the principle laid down by Newton
in Definition VIIL, and in many later works announced as
the Third Law of Motion.

56. On this system, the proper, or absolute, mode of
measuring force would be to isolate two centres of force,
place them at the unit of distance from each other, and

observe the value of % at the first instant after they b;gan

to move. This would form an absolute elementary unit of
force; and the force acting between a centre of force and a
body, in any other case, would be found by multiplying this
absolute unit by the number of centres in the body—in other
words, by its absolute mass—and by the function of the dis-
tance which expresses the law of the forces. It is obvious
that this process is impossible. As in the case of mass, we
must resort to the standard furnished us by the earth on
which we live. We begin by taking a certain piece of
matter—such as the standard pound at Greenwich—which
we agree to regard as a unit of mass. The weight of this
pound, taken at Greenwich—since the force exercised by the
earth may differ at different places,—we take as the unit of
weight. Any force, so long as it produces no motion, is
measured by the number of such pounds which it will sup-
port—in other words, by the number of units of weight
which it will balance. This is the measure of Statical Force,
and its unit is the weight of a pound.

57. Again, if we consider forces as acting always on a
unit of mass, and if we suppose that there is no force acting
in the opposite direction, then these forces will be measured
simply by the velocities which they generate in a given time.
This is the measure of Accelerating Force, and its unit is a
unit of velocity generated in a unit of time. In England
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the unit of velocity is 1ft. per second, and since gravity, or
the attraction of the earth, generates a velocity of 32-2ft. per
second in one second, we say that the value of the accele-
rating force of gravity is 32-2.

58. Thirdly, if forces act on different masses, and produce
motion in them, then the forces are measured by the product
-of the mass and the velocity, or by the momentum generated
in a unit of time. This is the measure of Moving Force,
and its unit is a velocity of 1ft. per second, generated in a
mass of 1lb. weight. Here, as before, we must consider
‘that there are no forces acting in the opposite direction. 1In
other words, the measure of moving force is only the
measure of the unbalanced part of a force. The balanced
part of a force is to be measured by statical standards only.

59. It remains to say a word about the relations of Mass
to moving force. Since the moving force of gravity is mea-
sured in any particular case by the mass moved, and by the
velocity generated in a second—which latter is 322, or g—
the moving force of gravity on a mass M will be represented
by M g But the statical and moving force must clearly be
proportional to each other, since they are the same things
acting in different ways; and hence, if W be the weight of
the body in pounds, we must have W=C Mg, where C is a
constant. It is convenient to make this constant unity, so
that we may write W = Mg ; and this is done by assuming
the unit of mass—which has not been fixed—to be the mass
of 32°2 lb,, instead of simply the mass of 1 lb., as ‘would
-otherwise seem more natural,

6o. Laws of Motion.—We have now defined the things
with which our science is mainly concerned—Motion, Force,
.and Matter—and have shown how each of these is in practice
measured with sufficient accuracy to make a true science of
them possible. We are thus at last in a position to go
further, and consider the leading principles of that science
itself.

61. Newton, when he arrives at the same point in the
“ Principia,” proceeds by laying down three * Axioms or
Laws of Motion,” which, though not actually discovered by
him, have ever since borne his name. These, literally
translated from his own words, are as follows ;:—
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‘15t Law of Motion.—Every body continues in its con-
dition of rest, or of uniform motion in a straight line, except
in so far as it is compelled by impressed forces to change its
condition.

“2nd Law of Motion.—Change of motion is proportional
to the moving impressed force, and takes place along the
straight line in which the force is impressed.

“37d Law of Motion.—Reaction is always opposite and
equal to action; or the mutual actions of two bodies are
always equal, and in the opposite directions.”

62. Newton gives these laws as independent axioms, and
merely adds proofs, or rather illustrations, drawn from expe-
rience. But in the case of the first I have already shown
that it flows directly from the definitions of force and
motion, combined with the universal truth which has been
called the Principle of Conservation.. This places the law
on a much more satisfactory basis than it occupies when
regarded as an independent fact, proved only by experience.
I have now to show that the same or a similar basis may be
found for the other two laws. As enunciated, the second
law of motion seems at first sight to be nothing more than
the principle that force is proportional to the velocity which
it generates, expressed in another form. But Newton adds

to the enunciation a very important scholium or explanation,,

which may be translated as follows:—* If a force generates
a certain motion, then double the force will generate double
that motion, triple the force triple that motion, and that
whether it be impressed at the same time and instantaneously,.
or gradually and successively. And this motion (since it is
always directed in the same straight line as the generating
force), if the body was already in motion, is added to the
previous motion where it is in the same direction, or sub-
tracted from it where it is in the opposite direction, or is
obliquely combined with it if the directions are oblique, and
is compounded with it according to the direction of each.”
63. It will be seen that Newton here contemplates, as a
fact involved in his second law, though not explicitly stated,
that each force acting on a body will produce its full propor-
tionate effect of motion, whatever other forces or motions

the body may be subjected to at the same time; and this.
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fact has naturally come to be looked upon as the new and
essential truth contained in the second law, so that it has
been gradually included in, and finally has entirely usurped,
the enunciation of the law, which, in Goodwin’s ¢ Course of
Mathematics,” for instance, stands as follows :=—*“ When any
number of forces act upon a body in motion, each produces
its whole effect in altering the magnitude and direction of
the body’s velocity, as if it acted singly on the body at rest.”
64. At first sight this may appear to be something like a
truism. If forces are only known to us by their effects, ze.,
the motions they cause, then a force, or any part of a force,
which in consequence of the motion or other conditions of a
body does not produce its effect, is the same to us as if it
did not exist—in other words, if a force is recognised at all,
it must produce its effect, because it is only by the effect
that it is recognised. But this view is doubly fallacious. In
the first place, there are forces which we recognise otherwise
than by their effects, namely the forces which we ourselves
exert. And in the second place, the law practically asserts
that there are constant forces, always acting alike, and whose
effects are the same whether the matter on which they act be
in motion or at rest, and whether or no other forces are also
acting upon it.  For instance, it asserts that the weight of
any body is such a constant force, and will always have its
full effect ; so that a bullet will fall exactly as far towards the
earth in one second, whether it be simply dropped from the
hand or fired horizontally out of a rifle. This is, no doubt,
an essential point to be cleared up, before any problems
which involve the action of force are considered ; but when
thus stated, it is at once seen that it is a necessary conse-
quence of our definitions, and.of the principle of conserva-
tion. For if the law did not hold—if a force were hindered
from having its full effect by circumstances, such as the
presence of other causes—this could only take place in two
ways : either the force would not act so as to prodyce its
effect, or the effect, being produced, would of itself die away.
Now the first of these suppositions is against our definition
of matter, which asserts that the forces do not vary with the
time, and must, therefore, be always the same if the distances
be the same ; and the second is against the principle of con-
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servation, which asserts that effects live. Hence the second
law of motion is not an independent principle, but a neces-
sary consequence of facts already arrived at.

65. The same may be said of the Third Law. Since any
centre of force acts on any other with a force which is
always the same if the distance be the same, and since the
distance between two centres must be the same in whichever
direction it is measured, it must follow that if either of these
be called the Action, then the other, or the Reaction, must be
equal and opposite to it. The same holds true of the action
between any centre and a group of centres, or a body; and
similarly of the actions between one group of centres, or
body, and another. Thus the Third Law follows at once
from the definition of matter. But it is necessary to point
out, even at the outset, that we must be capable of analysing
the action between any two bodies into the actions between
the individual centres of which they are composed, and of
calculating the sum of these actions, before we can say what
the net action and reaction between two given finite bodies
really is; and this requirement, which can rarely be fulfilled
in practice, makes much caution requisite in the application
of the law. Thus when a shot strikes a target, the forces of -
action and reaction induced by the shock are no doubt
equal and opposite; but their exact nature and distribution
who shall calculate? Most of the cases which are cited as
illustrations of the law are so under special circumstances
only. Thus Newton himself uses the illustration of a horse
drawing a cart; but in that case the reaction and action, as
represented by the pull at the two ends of the trace, are
equal only when the horse and cart are alike moving with
uniform speed. If, for instance, it were true at the com-
mencement of the horse’s effort, so that his pull at -one end
of the trace was always counterbalanced exactly by a
resistance at the other, it is clear that the start would never
take place at all. ~As a matter of fact, the traces are
alternately tightening and slackening continually, and the
times during which the speeds of the horse and cart are
really the same are probably indefinitely short. The other
illustration used by Newton, which is that of the finger
pressing a stone, is less liable to mistake, since then no
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motion takes place; and, in fact, it is only in the domain
of statics that the law can be used without some circum-
spection.

66. Accelerating Forces—The laws of motion, with our
definitions, enable us to lay down at once the fundamental
Propositions as to the action between two centres of force, or
between two bodies each of which may be supposed to be
concentrated in a single centre. Practical examples of such
cases are the attractions of the sun and earth, neglecting
the disturbing forces of the planets, or the fall of a body to
the earth, neglecting the resistance of the air. In such
cases the ideas involved become greatly simplified. In the
first place, since all motion is relative to some point assumed
to be fixed, we shall naturally assume as our fixed point one
of the two centres of force concerned, and thus investigate
the motion of the other in reference to it. Thus, in the
case of the earth and sun, we assume the centre of the sun
as fixed ; and in the case of a falling body, we assume the
centre of the earth as fixed. Secondly, if the body assumed
to be in motion be a single centre of force, it is an absolute
unit of mass; and if it be a group of centres, yet they will
all move as one, and therefore the idea of mass need not be
included, at least as long as the two bodies are still at a con-
siderable distance from each other. Thirdly, as no other
forces are acting, the whole of the action will take place in
the straight line joining the centres, and the question of the
combination of forces, which has not yet been settled, does
not enter. ,

67. Let us consider two bodies, A and B, and investigate
the motion of A with regard to B, taken as fixed. The pro-
blem will be stated mathematically thus:—Grven the distance
1 between A and B, at the instant when A begins to move, and
the accelerating force £ with which B acts on A; to find the
velocity of A (referred to B) at t seconds after that instant, and
also the space s which it has passed over from its original
position fowards B.

68. Let us, in the first place, assume that the force with
which B acts on A is constant. This is, of course, against
our definition of matter, and is never exactly true in nature.
But it may be assumed as true—according to the ordinary

D
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principles of mathematical reasoning—when either the in-
terval of space or the interval of time is, relatively, exceed-
ingly small. The former of these suppositions holds prac~
tically in the case of falling bodies, where the variation of
gravity due to the approach towards the centre of the earth
may always be neglected. The latter will enable us to cal-
culate the effect of a varying force by the ordinary methods
of the integral calculus.

69. Let us then begin by assuming that the force is
constant. It will therefore be measured by the velocity f
generated in one second (Art. 57). Moreover, by the
second law of motion, this velocity will in no way affect the
action of the force, which in the next second will generate
exactly the same velocity £ At the same time, by the first
law, the velocity /; generated in the first second, will remain
unaltered. The velocity at the end of the second second
will therefore be f+/, or 2£ In the third second a third
velocity f will have been added, making the velocity 3/
By similar reasoning the velocity at the end of #seconds
will be # f; or, if V be the velocity of A at the end of ¢
seconds, we have

V=F¢. . . . . . . (1)
Next, to find the space s described in the time £ With the
aid of the integral calculus, this is easily accomplished, as
follows:—We have already seen (Art. 53) that velocity is
measured by the limiting value of the ratio of space to
time; or, if v be the velocity at any instant—

v=7F .
But from above v=/2 Hence—

.cf/.va'ti/'ftdt:f;g C . ()

No constant is added, because s=o at the beginning of the
motion, or when #=0. Combining the two, we have,

Ve=fet=2fs . . . . . . (3)
70. To extend this to the case of varying forces, such as
alone exist in nature, we may assume the above equations

-



35

to hold for indefinitely small intervals of time, during which
all the conditions are constant. Hence we may put

do=fdt . . . . . (a)
ds .
v—it—......(s),
whence
f ft;
or
P AL
whence, differentiating,
i N ()]
ar

These are the ordinary equations of analytical dynamics,:
which must then be dealt with as described in any of the:
text-books on that subject. :

71. The following proof of equation (2) above may be
given for the benefit of those who are not acquainted with’
the integral calculus. Suppose the time # to be divided.
into a very large number z of very small equal intervals .
Then we may suppose that during each of these intervals.
the velocity remains constant at the value it has at the
beginning of the interval; and the smaller the intervals,
and therefore the larger their number, the nearer will this
supposition be to the actual truth. But if the velocity be
constant, the space described in each interval will be simply
the velocity x the interval. Now, by equation (1), the
velocities at the successive intervals, 1 to #, are o, fx ),
Sfxzw, fx3 w,....fx(n—-1) w. Hence the spaces
described in the successive intervals are o, fx %% 2 fx u?,

3fxwd, . . (r—1) fxw’ But the total space must be
the sum of the spaces described in the intervals, and it is
therefore equalto f 22 [1+2+ . .. +(z—1)],0r to f22x
M. But # w=¢,; hence this may be written
re _re
2 27

The larger # is, the nearer will this expression be to the
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truth; but the larger # is, the smaller does the second
term of the expression become. Hence in the limit this
second term will vanish, and the true value of the space

. . . . 2
described in the time # is re

2
72. Composition of Forces and Motions.—We have next to
consider the effect of two or more forces, acting simultane-

ously on the same centre. This cannot be done by the aid

of the three laws of motion alone, since the second law, or
rather Newton’s explanation of it, only decides the question
where the two forces are in the same straight line. In that
case the velocity of the centre, at the time # will be the
algebraical sum of the velocities generated by each force in
that time ; it being obvious that velocities, being measured
in units of length, may be taken as positive or negative,
added or subtracted, exactly as lengths are treated in
analytical geometry. But suppose two forces to act on the
same centre obliquely to each other ; then the second law
states that the effects are to be compounded together, but in
what manner does not appear. To solve this question some
additional p inciple is necessary. The principle generally
used for this purpose is that a force may be supposed to act
at any point in its line of action, provided that point may be
treated as rigidly connected with the body in question. This
principle, though of course true, is by no means self-evident;
it involves conceptions, such as rigid connection, which are
quite unfamiliar to a student when commencing mechanics ;
it introduces the vague and clumsy cenception of a body, in
place of the simple and accurate conception of a centre of
force ; and, lastly, it is a principle which is scarcely used or
heard of on any other occasion, and is no whit wider than
the proposition it is adduced to prove. For these reasons
another and more satisfactory principle seems desirable, and
such a principle, open to none of the objections alleged, may
be found in the principle of Symmetry.

73. This principle, in its general form, may perhaps be
stated thus :—When a cause, or set of causes, is so related
to two opposite effects that there is no reason whatever why
one of those effects should take place rather than the other,
then neither of the effects will be produced by the cause,

A~
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or causes; and this relation is said to be a relation of
symmetry.

74. Of this principle, as of others, it may be true that
when thus stated in its general form it is not easy at once
to grasp its bearings. An illustration or two will make it
clearer. We put a rein or a curb on each side of a horse’s
mouth, and then by pulling on both together we know
that we shall not cause him to turn to either side, because
there is as much reason to turn to the one as to the other.
In Euclid, the unexpressed axiom that figures which coin-
cide are equal to each other, really rests on this principle,
since there is no reason why one of two such figures should
measure more than the other, or why it should measure less
In ordinary mechanical practice we admit at once that two
equal weights suspended over a pulley by a weightless string
will remain at rest, because there is no reason why either
should either rise or fall; and for the same reason that two
equal weights suspended from the ends of an equal-armed
horizontal lever will also remain at rest. This last fact has
indeed been made the basis of a complete system of statics
—see Goodwin’s “ Course of Mathematics,” p. 225—which
would thus rest directly on the principle of symmetry.
Looked at in the light of these illustrations, it may perhaps
be thought that the principle should be regarded as a
corollary from the great principle of causation; the cause,
being as likely to produce one effect as the opposite, is
really not a cause tending to produce either; and without a
cause there will be no effect. I do not care to question this
way of looking at the principle; but I believe it is at least
equally good philosophy to regard the principle-of causation
as itself a deduction from a great number of observed facts,
of which those of symmetry are some of the most important.

75. Original or derived, the principle of symmetry is one
which nobody has eyer cared to deny, and we may, there-
fore, accept it as an unquestioned truth, and apply it at once
to the simplest case of compounding forces, which is the
case of forces at right angles.

76. Problem:—A point or centre is acted on by two forces
whose directions are at right angles; 1o find the resulting
motion of the centre.
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77. Suppose the two forces to begin to act on the centre
at rest, and to act upon it for an indefinitely small time &%,
and then to cease. If we assume for the moment that only
one force has acted, it will have generated in that time a
certain velocity fd £, where fis ‘the measure of the force,
being the velocity which would be generated if the force
continued constant for one second. Since the time con-
sidered is indefinitely short, we may consider the force as
constant during that time. This velocity f4# will cause
the centre to describe, in the next element of time, a certain
indefinitely small space s, proportional to the velocity fdZ.
Hence ds is proportional to £ Let P be the position of
the centre at the end of the first interval 2 4 and let P Q be
-the element of space which would be described in the second
interval. Then P Q is proportional to
/- Let P R be the element of space
which would be described inthesecond 5 g s
" interval, supposing the other force /1 to
be the only one acting Then by
similar reasoning P R is proportional
to /!, and by hypothesis P R is at right
angles to P Q. We have now to find P R
the space actually described by P under ¢
the joint action of the two forces.

78. By the second law—Art. 63— will still produce its
full effect, and will therefore actually cause P to describe
the space P Q, except in so far as that space is increased or
diminished—in other words, in so far as P is accelerated or
retarded—by the action of 1. But since the direction of
fis at right angles to P Q, it has no more tendency to pro-
duce an acceleration of P along PQ than to produce a
retardation, and z#ee versi—in other words, f1 is sym-
metrical with respect to motion along P Q, and, therefore,
by the principle of symmetry, it will produce no effect
either in accelerating or retarding. Therefore P will still
travel the full distance P Q in that direction. But by
exactly similar reasoning, it will also travel the full distance
PR in that direction; for by the same principle of sym-
metry, the fact that it is also moving in the direction PQ
“will have no effect on its motion in the direction PR.
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“This amounts to saying that, at the end of the time 4¥, P

“will be found somewhere on the line A Q B, which is drawn

through Q at right angles to P Q; and also somewhere on
the line C R D, which is drawn through R at right angles
to PR. Hence its actual position must be the point S in
which these two lines meet. And since the elements of
space here considered are indefinitely small, the path of the
centre will not differ from a straight line joining its extreme
positions; in other words, from the straight line PS. But
PSS is the diagonal of a rectangle, the sides of which are
proportional to f and /. Hence, P S is similarly propor-
tional to V' 21 f12; and, therefore, the path of the particle
is exactly the same as if it had been acted on during the
first interval 4# by a force v ey f12 ‘whose direction

coincided with PS. Hence, we have this result:—Wen a
centre is acted upon by two jforces at right angles to each
other, the effect is exactly the same as if it were acted upon by
a single force, which is represented in magnitude and direction
by the diagonal of any rectangle, whose sides represent in
magnitude and direction the two forces acting.

79. In the foregoing proof we have supposed for simplicity
that the forces cease to act during the second interval ; but
by the second law the action of the forces during that
interval will not aler the effect due to the action of the
forces during the first interval, but must simply be added to
or subtracted from it. But, by similar reasoning, this action
in the second interval will be the same as if the diagonal

force 4/ /A+/12 continued to act during that interval; and

therefore the result which we have arrived at will hold also
for the second interval, and also for the third, fourth, fifth,
&c., and is generally true for any time during which the
two forces continue to act on the centre.

8o. The above proof gives the principle of the combining,
or, as it is usually called, the compounding of two forces, at
right angles to each other, which act together on any centre.
Conversely, if a centre is acted on by a single force, P S,
'we may in thought regard it as under the action of two
forces in any two directions, P Q, P R, at right angles to
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each other, provided we consider the values of these forces
to be represented by P Q, P R, the sides of the rectangle of
which P S is the diagonal.  On this supposition we are said
to resolve the single force into two component forces at right
angles to each other.

81. We have now to extend the proposition to cases where:
the forces are not at right angles.

82. Parallelogram of Forces.—Problem :—A centre is acted
on by two forces whose directions are at any angle with eack
other ; to find the resulting motion of the centre.

83. Precisely as in the last proposition, we may represent
the effect of the two forces fand f!, considered singly, by
two straight lines P Q, P R, drawn
from the position of the centre
at the end of the first intervak
dt.  Complete the parallelogram
PQSR, and join PS. Draw QA,
R B, perpendicular to P S, and com-
plete the parallelograms C Q A P,
‘DR BP. Then, by article 8o, we
may consider the force P Q as
resolved into the two forces P C, PA,
at right angles to each other, and the force P R as resolved
into the two forces P B, P D, at right angles to each
other. But by geometry it is evident that A Q = B R, and
therefore P C = P D; hence the force represented by P C is
equal in magnitude and opposite in direction to the force
represented by P D ; and therefore by the principle of sym-
metry they will cancel each other, and will have no effect
upon the motion of P. Hence the motion of P will be
entirely due to the forces represented by P B and P A, and
therefore it will be along the common direction of those
forces, that is along the line P S. Moreover, by geometry,
P B=AS; therefore, PA=B A+ A S=B S, and therefore
PB+P A=PS. Hence the joint effect of the forces f and
J1 will be to make the centre P move through the space P S,
which is the same as the effect of a single force represented
by P S. Hence, just as before, we establish the general
proposition:—/f a centre is acted upon by two forces at once,
whose directions make any angle with each other, the effect

LY
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will be the same as if it was acted on by a single force, whick
is represented in magnitude and direction by the diagonal
of a parallelogram, whose sides represent in magnitude and
direction the two forces acting.

84. We have thus established the proposition of the
Parallelogram of Forces, which forms the foundation of
statics ; and that branch of mechanics can thenceforward be
studied in the ordinary manner, without the introduction of
any new principles. It should be observed that the forces,
in the proof of the Parallelogram of Forces, have been repre-
sented by the velocities generated by them, as in dynamics,
and not by the pounds weight they will balance, as in statics;
but it is clear that a proposition which is true of things when
measured in one way cannot become false when they are
measured in another way, and therefore the proposition may
be at once assumed to be true for the science of statics, as
well as for that of dynamics.

85. Parallelogram of Velocities.—From the fact mentioned
in the last section, that in the proof of the Parallelogram of
Forces the forces have been represented by the velocities
generated by them, it follows at once that the velocity of a
centre at any moment may be resolved, in thought, into two
component velocities, on exactly the same conditions as a
force may be resolved—viz., that the lines representing the
components form the two sides of a parallelogram, of which
the diagonal represents the actual velocity. This proposition
is usually demonstrated independently as the Parallelogram
of Velocities, and is often stated in the converse form,
namely, that two velocities, existing at the same time, may
be compounded into a resultant velocity. This, however, is
a confusion of ideas. It is quite right to regard a body as
under the action of two forces at the same time, and to
compound their effects, because such forces are separate
realities; but the velocity of a body at any instant must be
in one definite direction, and of one definite amount, and it
is only in thought that it is possible to analyse it into two
velocities tending in two different directions, and capable of
being studied independently.

86. Moving Forces—Energy— Work.—We have now to
consider the principles to be followed in dealing with moving
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forces. . The fundamental question in this department may
be stated as follows:—How are we to measure the total effect
of a given force, when it has acted for a given time on a centre,
or a group of centres of given mass, whick is in motion during
Zhe action? ,
87. The answer to this question may be stated at once.
It is that the effect is measured, with regard to the force—
“which for the present we may consider to be constant—by
the product of the force and of the distance moved through
.by the centre or body, in the direction of the force, during
the action. And this product is called the Energy exerted
by the force. Again, with regard to the body moved, the
effect is measured, if the body start from rest, by the pro-
duct, at the end of the action, of the mass and of half the
square of the velocity in the direction of the force; or by the
difference between this product and the similar product
taken at the beginning of the action, if the body has already
a velocity in that direction when the action commences.
‘This product is called the vis sz, or the kinetic energy, or
the actual energy, or the energy of motion, of the body; and
the effect of the force is therefore measured by the change
in this quantity, whichever name be used for it, during
the action. Throughout this paragraph it is assumed that
there is no force acting on the body in the opposite direc-
tion.

88. These principles are laid down in all text-books, but

usually without any explanation of the reason why the
energy exerted—ze, the product of the force and the
distance—is the proper measure of the effect of the force.
Nor does it at first sight seem clear why the element of
time should be altogether absent from the measure of the
effect, or why this measure, referred to the body, should be
in terms of the square of the velocity, and not of the velocity
simply.
89. To elucidate this, let us suppose that the force, instead
of being continuous throughout the motion, acts discon-
- tinuously at certain equal small intervals of space s, so that,
at the beginning of each of these intervals, there is an
instantaneous action which generates in the body exactly the
same velocity as is really generated during that interval by

]
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‘the continuous force. Let the number of these intervals in
any space s be #, so that s = n# ds. Then the total effect
‘on the body while traversing the space s will, by the second
law of motion, be the sum of the # effects due to the action
of the » equal impulses at the beginning of the ~ intervals.
It is evident, therefore, that, so long as the strength of the
impulses remains the same, the total effect will vary as #; or,
sinces = 7 ds, and ds is supposed always the same, the total
effect will vary as 5.  Again, if the number of the impulses
remains the same, the effect will of course vary with the
strength of each impulse ; in other words, with the force.
.Hence, by the ordinary principle of variation, if both the
spaces and the forces be different, the effect will vary as their
product. But by considering the length of each interval ds as
indefinitely small, and therefore the number 7 as indefinitely
great, we may make the assumed circumstances approach
Indefinitely near to those of a constant force acting con-
tinuously over the same space ; and hence we may say that
the effect of such a force will vary as the product of the
force itself, however measured, and the distance through
which it acts. This, as already stated, is called the energy
.exerted by the force. It does not contain the element of
time, because neither the number of impulses nor the
strength of each impulse are in any way affected by the
‘velocity with which the body passes over the successive
intervals ds ; in other words, by the time which it occupies
in describing the whole distance s.

go. We have thus shown that if F be the moving force
of a given centre A, and s the space through which it acts
on any other body or centre B, its effect will be properly
measured by the product Fs. This assumes that F is con-
stant. If F vary with the distance, as will always be true in
nature, then the same holds for each indefinitely small
element of space ds—i.<, the effect of the force, while the
moving centre B traverses this element, is measured by Fds.
To find the effect for any finite space s, we have only to
integrate F ds from O to s.

91. Let us now express the same product in terms of
mass and velocity. Since the force is a moving force, it
is properly expressed (Art. 58) by M f (where f is
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the velocity generated in one second), or (Art. 70) by
M%: Also, since dJs is indefinitely small, we may
consider that the velocity of B, while it traverses ds, is-
constant ; hence we may write (Art. 70),
ds
ds=vdt= 27'#'

Hence, for F ds we may write—

acs ds dy
—— M ) —
77 dtdt’ or M7 dtdt' .
This we have to integrate between the limits o and # where-
# is the value of the time when the space s has been
described. The value of this integral is well known to be
14 M (2 —12,2), where v, is the value of the velocity when
t=o0. Hence it appears that the effect of the force may
also be represented by 15 M (z2-172)—that is, by the
change in the kinetic energy, zis vfva, or whatever other
name we apply to that quantity.

92. The two modes of representing the effect of a con-
tinuous force—by energy exerted and by the change in the-
vis viva—are thus established. The resolution of the single
resultant force, so as to extend the principle to three dimen~
sions, and thus make it general, may easily be accomplished,
as shown in any of the ordinary text-books.

93. Hitherto I have assumed that there is no force acting.
on the moving centre B in the opposite direction to its.
motion towards the fixed centre A. This is what would be-
true if A and B were the only centres in the universe. In
nature such a case, of course, cannot occur. The number-
of centres in the universe is incalculable, and, by our defini--
tion of matter, these all act upon both A and B. There are-
cases, however, where the action of these extraneous centres,.
owing to their distance or other causes, is insignificant when
compared with the direct action between A and B, and may
for many purposes be neglected. One such case is that of
a body falling to the earth in vacuo.  Another is that of a
planet revolving round the sun, where the small disturbances.
due to other planets may, for many purposes, be neglected.
In these cases the effects are represented with sufficient
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exactness by the expressions indicated above. But I must
now go on to consider what modifications are introduced by
the presence of other forces. .

94. Let me as usual take the simplest case, and assume
that, in addition to the fixed centre A and the moving centre
B, there is a third centre C placed in the prolongation of the
line A B, on the other side of B, and therefore acting upon
B in the opposite direction to the action of A.* For further
simplicity we shall assume (1) that C and A have no mutual
action ; (2) that B is initially at rest; (3) that C as well as A
is fixed ; (4) that the forces with which B and C act on A
are constant, or only vary by amounts that may be neglected.
We will consider hereafter how far these assumptions can
be realised in the universe, and how far they affect the
conclusions.

95. Let P and Q be the forces, measured dynamically,
with which A and C respectively act upon B; and let P be
greater than Q. Then, by the second law of motion (Art. 63),
each of thest forces will produce its full effect exactly as if
the other was not present, and the net effect upon B will be
simply the difference between these opposite effects. Let s
be the distance through which B has moved towards A
at the end of a given time. Then the effect of A will be
measured just as before by the product Ps. For as in our
former proof (Art. 89), we may imagine the action of A
divided into impulses, which act at successive points in
space separated by small intervals, but which are indepen
dent of the time occupied in describing the intervals between
one point and another—as they must be, because, by our
definition of matter, the forces are not functions of time,
Each of these impulses will produce its full effect, by the
second law, independently of the action of C; and, as
before, the total effect will vary jointly as the number and
strength of the impulses, and will, therefore, be represented
by Ps. Let us now make a similar assumption with regard
to the action of C, namely, that it is divided into impulses
acting at the same points in space as those of A. Each of

® It is supposed throughout that the forces are attractive; if they
are repulsive the demonstrations will not be affected, but B’s motion
will be in the opposite direction.
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these impulses will produce its effect, but this effect will be
neutralised, as regards B, by the opposite impulse due to Aj;
and the net impulse actually given to B will be the difference
between the impulses due to A and C respectively. Since
these impulses all vary as the forces, 7e, as P and Q
respectively, it follows that the net effect on B will be
exactly the same as if it had been acted on by a single
force P— Q. Taking this for the value of the force, our
former investigation (Art. 89), will hold again; the energy
exerted on P will be represented by (P - Q)s, as regards the
force, and as regards the body B it will be represented by
the 77s viva, or B 72, where B is taken for half of B’s mass,
and v its velocity after describing the space s.

96. The facts regarding the real effect on 2 body of two
opposing forces have now been set forth ; it still remains to
consider the names by which the different quantities involved
are to be designated. It will be found that names are
required for the following :—(1) The force P with which A
acts on B, and which actually causes the motion of B in the
direction B A ; (2) the force Q with which C acts on B,
which tends to cause motion of B in the direction B C, and
actually retards its motion in the direction B A ; (3) the
difference between these forces, or P — Q, which is the net
force acting upon B, and causing its motion ; (4) the total
effect of A, which, as we have seen, is represented by Ps;
(5) the total effect of C, which is represented by -- Qs; (6)
the net effect of the action of A and C together upon B,

which is represented either by (P — Q)s, or by B2 To.

some of these we have already assigned names provisionally,
but it will be well to go through them all.

97. With regard to the first three, I shall have no
difficulty in adopting the nomenclature of Rankine, which
appears to be the only one definitely proposed. We shall
thus give to P the name of the effort, to Q that of the
resistance, and to P — Q that of the unbalanced effort. The
first name is not quite free from objection, because in comron
parlance we speak of effort rather when we do. not succeed in
overcoming a resistance than when we do; but it may be
allowed to pass in the absence of any competitor. Again,
No. 4, or the total effect of A, is everywhere known as the

"1‘;
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energy exerted by A. So far all is simple. When we come
to No. 5, or the total effect of C, the case is different. We
are here face to face with a variation in nomenclature on the
part of our highest authorities, which has not been generally
noticed, and which is at least liable to lead to confusion.*
On the one hand, Rankine gives to this effect,or — Qs,the name
Work done. According to him, work is done only when
resistance is overcome, and when, therefore, there is a third
body acting, such as C, which tends to move B in the
opposite direction to its actual motion. On the other hand,
Thomson and Tait, Clausius, and most of our more recent
writers on dynamics, give to the expression work done a
much wider signification. With them it is in fact equivalent
to the energy exerted, or Ps; being the same action, but
looked at from the point of view of the body acted upon,
rather than the body acting. The name they apply to — Qs
is not always well determined ; but we shall assume it to be
the Potential Energy imparted to B. The reason of this
. name we shall see hereafter. To No. 6, represented by
(P-Q)s, or Bos, they would assign the name of the Kinetic
Energy imparted, while Rankine would call it the Actual
Energy ; both these names being intended to supersede the
older term of vss viva, which we have hitherto provisionally
used.

98. It is necessary to prove the fact of this variation in
nomenclature, by quoting and illustrating the exact words
employed by the authors referred to, and I shall then com-
ment briefly upon it.

99. In order to set forth Rankine’s views, it will be best to
give the following extract from his “Applied Mechanics,”
1st edition, Art. 513:—“Work consists in moving against
resistance. The work is said to be performed, and the
resistance overcome. Work is measured by the product of
the resistance into the distance through which its point
of application is moved. The unit of work commonly used
in Bnitain is a resistance of one pound overcome through a
distance of one foot, and is called a foot-pound. Energy

® I called attention to this variation in a paper read before the
Physical Society in March, 1881.
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means capacity for performing work. The energy of an
effort, or potential energy, is measured by the product of
the effort into the distance through which its point of appli-
«cation is capable of being moved The unit of energy is
the same with the unit of work. When the point of applica-
tion of an effort has been moved through a given distance,
energy is said to have been exerted to an amount expressed
by the product of the effort into the distance through which
its point of application has been moved.”

100. It may be argued that in these definitions Rankine
intended to include the resistance—allowing for the moment
the use of the term in that connection—of inertia, which
would exist even where there are only two bodies concerned.
“That this wasnot the case (apartfrom the absurdity of speaking
of 11b. of inertia) is made abundantly clear as follows:— :

101. (a) Rankine’s definition of resistance (Art. 511) is as
follows:—* A direct force is further distinguished according
-as it acts with or against the motion of the point . . . . by
the name of effort, or of resistance, as the case may be.”
Now inertia certainly cannot be an effort, therefore it cannot
be a resistance.

102. (6) If the inertia be added to the resistance, and the
sum considered equal to the effort, then energy exerted and
work done are always equal, being, in fact, opposite views of
the same thing. Of this Rankine gives no hint.

103. (¢) Work is said to be measured by the resistance.
But we have no measure of inertia, excepting the distance
through which it is overcome by a given effort; therefore it
must be the effort and not the resistance by which the work
must be measured, if inertia is included in the latter.

104. (d) In Art. 549 (p. 499) Rankine takes the case of
“a moving body acted upon by an effort P and a resistance
R, the effort being the greater, so that there is an un-
balanced effort P — R;” and he lays down the equation
resulting as follows :—

%’(va'”l) = (P-R) atl

It is evident that R does not here indicate the inertia. A
yet clearer case is Art. 689, p. 622, on fluctuations of speed,
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where P and R—effort and resistance—are represented by

different lines, and the work performed is measured by the
value of R.

105. It remains to state the opposite view. On turning to
Thomson and Tait’s “Natural Philosophy,” Part L, 1873,
Art. 204, p. 63, I find the following definition :—*“A force
is said to do work if its place of application has a positive
component motion in its direction, and the work done by it
is measured by the product of its amount into this com-
ponent motion. . . . In lifting coals from a pit, the
amount of work done is proportional to the weight of the
coals lifted ; that is, to the force overcome in raising them,
and also to the height through which they are raised. The
unit for the measurement of work adopted in practice by
British engineers is that required to overcome a force equal
to the weight of a pound through the space of a foot, and
is called a foot-pound.”

106. It is obvious that the definition of work in the first
paragraph is different from that given by Rankine. On the
other hand, it agrees with that of Clausius—* Mechanical
Theory of Heat,” p. 1—which puts the point as clearly,
perhaps, as is possible. Assuming the force to act on a
single material point, he proceeds: “If this point .
travels in the same straight line in which the force tends to
move it, then the product of the force and the distance
moved through is the mechanical work which the force per-
forms during the motion.”

107. The existence of these two modes of defining work
done is thus, I believe, put beyond possibility of doubt. It
is clearly desirable that one of these modes should be sup-
pressed, and the other definitely adopted, and it remains
to decide which should have the preference. Arguing the
question ab initio, the following reasons, on behalf of retain-
ing Rankine’s nomenclature, appear to have much weight.

108 (a) It gives a separate short and definite name for all
the quantities concerned, especially if 74s z47a be retained
for No. 5; this can hardly be said of the other system.

109 (0). Whichever system may be preferred for dynamics,
there can be no doubt that Rankine’s is the most convenient
for applied mechanics. In dynamics the resistances are

E
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usually deducted from the efforts at the commencement, and
need not be afterwards considered. But in applied mechanics
it is absolutely necessary to take account of the resistances.
Thus, to vary a little the illustration given in Thomson and
.Tait’s definition, the problem of moving 10 tons of coals is
sufficiently stated for the mathematician, as soon as he knows
that the coals start from rest, and that an excess of effort
over resistance = 1 ton is available for moving them. He
can calculate their velocity at the end of a given time equally
well, whether they are standing on a level tramway, on which
the resistance to traction is 1 cwt., or hanging in a shaft with
. their full weight of 1o tons. But this makes all the differ-
ence to the engineer who has to fix the strength of the rope,
and design the engine which shall do the work.

110 (¢). Rankine’s system was used by him throughout his
manuals, which are the recognised text books on the various
branches of scientific engineering, and are constantly con-
sulted and appealed to accordingly.

111 (d). The other set of definitions makes it necessary
to regard inertia as constituting a form of resistance. Now,
in common parlance we do not say that a stone, for
instance, offers in itself any resistance to falling towards the
earth; we reserve the term for the forces opposing its
motion, such as the resistance of the air. And it seems also
more philosophical to make a distinction in phraseology
between the case where the motion is influenced by an
actual opposing force, and that where it is influenced only
by inertia, which is not a force at all, since it cannot cause
motion. The use of the term resistance in both cases would
seem already to have led to some confusion. Thus Max-
well—“Theory of Heat”—and Goodeve—*Principles of
Mechanics”—both define work as being done against
resistance, just as Rankine does; and it is only later on, and
accidentally as it were, that the reader discovers that inertia
is meant to be included as one of the forms of resistance in
this definition.

112. In spite of the force of these arguments, it must be
conceded, I fear, that the opposite practice to Rankine’s has
become so general, both here and abroad, that it is not
probable it will again be modified. It seemed desirable to
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bring out as clearly as possible the fact of the variation in
question, and to put on record the grounds for wishing that
the nomenclature originally introduced by Rankine had been
retained. Having done so, I shall not attempt to combat
any longer the prevailing fashion, and shall only aim at
stating fully and clearly that which it lays down. Return-
ing to the analysis in Art. 87, we shall agree to call Ps the
Energy exerted, when viewed in reference to the moving
force of A, and the Work done, when viewed in reference to
the system B and C, on which the effect is produced. It
may be asked why on this system we need retain the word
work at all ; but, even supposing it possible to banish from
the mechanical vocabulary so long-established a term, it is
necessary to retain it, in order to keep in view the relations
of cause and effect; as will be seen hereafter, when we come
to treat of the conservation of energy. Accepting, then, the
designation of P s as the total work done, we have yet to fix
. names for the two parts into which it is divided, represented
respectively by - Qs, and B22. It seems desirable to have
distinct appellations for these two parts of the total work
done; and the clearest would, in my opinion, be “work of
position” and “work of motion” respectively; the former
being expended in altering the position of A with respect
to another centre, namely, C, while the latter is expended
in increasing its velocity. But, bowing as before to general
custom, I shall designate them as the potential work and
the kinetic work, since, as we shall shortly see, they are
properly correlative to the potential energy and the kinetic
energy respectively.

113. Principle of Equivalence of Work and Vis Viva.—
There is yet another caution which needs to be given before
leaving the question of nomenclature. - Mention is often
made of the principle of the equivalence of work and vss
viva, and this is stated to be that the work done on the
system is equivalent to the change in the vis viva. Now as
we have defined the work done to be represented by Ps, it
would follow from the principle, as thus stated, that Ps is
equivalent to B2, whereas in reality it is (P — Q) s which
is its equivalent. What is meant by the work in this case is,
therefore, the net difference between the total work done by
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the effort and the work done upon the resistance ; in other
words, it is the kinetic work only, as above defined. This
fact should always be made clear when the principle is used
as stated. In this, its correct form, the principle has, of
course, already been proved in article gs.

114. Conservation of Energy.—We have now seen that,
in the simple case under consideration, the following changes
have taken place. There has been an exertion of energy on
the part of the body A acting upon B, which is represented
by Ps, and which may be looked upon as. the action of a
cause. Again, the effect due to this cause, or the work
done, is divided into two parts:—(z) the potential work
represented by — Qs, which means that the force Q of the
centre C has been overcome through the distance s; (%) the
kinetic work represented by Bz?, which means that the
velocity of the centre B has been increased from O to z.
Now, by the general principle of conservation—namely, that
effects live— we should expect that these two effects would
be capable in themselves of acting as causes, to produce
eduivalent efiects; and we have to see whether this is the case.

115. Let us first take the potential work Qs. In order to
examine this effect by itself, let us suppose that, when B has
traversed the space s, the velocity » and the force P are both
annihilated, so that B is left at rest, exposed solely to the
attraction of C, which, as before, we may assume to act by a
series of impulses. It follows that A will begin to move
backwards towards C; and since the action of C, by our
definition of matter, is independent of time, and is always
the same at the same distance, it follows that the first
impulse given to B, on its returning road, will be exactly the
same in magnitude and direction as the last impulse which
it received on its outward journey. Similarly the second
impulse of the new set will be precisely the same as the last
but one of the old set, and so on throughout; so that when
B hasreached the point from which it started there will have
been an exertion of energy on the part of C, which is repre-
sented exactly by Qs, and which is, therefore, precisely the
same in amount as the energy which was exerted by C during
the previous movement, and was neutralised by the greater

A
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force of A. At the end of this time B will have a velocity
V, which is such that B V? = Qs.

116. We have here spoken of C as remaining fixed and B
moving towards it, because that was the assumption with
which we set out. But of course we may just as well assume
B to be fixed and to draw C towards it by the equal mutual
attraction subsisting between them; or—which would really
be the case if B and C were left to themselves—that they
both move towards each other under the influence of that
mutual attraction. The only difference will be, in that case,
that the distance s, instead of being measured along B’s path
only, will be measured partly along B’s and partly along C’s;
being, in fact, in all cases, the distance by which the two
centres have approached each other during the motion.

117. We may therefore say that on our definition of
matter the potential work done upon B in the course of its
motion renders possible the exertion of a precisely equivalent
amount of energy, due to the mutual attractions between B
and C.

118. Let us now consider the kinetic work Bz2. To
examine this question by itself, let us suppose that at the
end of the space s the centres A and C are replaced by a
single centre at C, acting with a force (P — Q), that is equal
in amount, but opposite in direction, to the net force which
has generated the kinetic work Bz%. As before, we may
suppese this force P — Q to act by impulses at intervals 4's.
Then, by the Second Law of Motion, each of these impulses
will produce its full effect upon B, irrespective of the fact
of B’s present motion; it will therefore destroy a portion
of B’s kinetic energy precisely equivalent to that which
was generated by any one of the 7z equal impulses which
acted on B during its motion along the space s. Hence, by
the time that z of these equal impulses, due to P— Q, have
acted upon B, the whole of its kinetic energy will have dis-
appeared, and it will be at rest. But in the meantime B has
overcome the force P — Q through the distance s, precisely
as the force Q was overcome through the distance s in the
former motion; and therefore, as explained in the last
paragraph, the kinetic energy Bz® in disappearing must
have generated an amount of potential energy, due to the
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mutual attraction between A and C, which is represented by
(P—Q)s. This is therefore precisely equal in amount to
the energy by which the velocity  was originally generated
in B.

119. Here, as before, for the sake of clearness, we have
represented the energy as being destroyed by precisely the
same steps as those by which it was generated ; but if we
only grasp the principle that the kinetic energy B % fully
represents the effect of the energy originally expended upon
B by P-Q, it will be evident that this representation is in
no wise essential to the proof. =~ We may suppose, for
instance, that A and C are both annihilated, and that B flies
on in a straight line, with undiminished velocity z, until it
comes into the range of another centre D, whose force R
may be a repulsive one. The centre B will then be
gradually stopped, and will come to rest in a distance S,
which will depend on the value of R, but which will cer-
tainly be such that R S=B??; inasmuch as R S is known
to represent the energy which R will, during the passage
over the space S, have exerted on B, and this .energy has
been expended in destroying the whole of the kinetic energy
represented by B 7%, -

-120. We may, therefore, say that, on our definition of
matter, the kinetic work done upon B in the course of its
motion renders possible the exertion of a precisely equivalent
amount of energy, due to the mutual action between B and
any other centre within whose range it may come.

121. Let us now gather our results together. We started
with an amount P s of energy exerted by A. We saw that
the effect of this exertion was the performance of work, but
work under two different forms, namely, potential work,
represented by Q s, and kinetic work, represented by Bz,
We then found that the performance of each of these
amounts of work rendered possible the exertion of a fresh
amount of energy, not due like the first to the action of A,
but precisely equivalent in amount to the original energy
exerted by A in the two cases. In other words, the kinetic
work B 7* done by A upon B, gave B the power of sub-
sequently doing the potential work represented by (P -Q)s
or R S respectively, in the two cases described in Art. 118,

“
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119 ; and the potential work Q s, done by A upon B, gave
B the power of sabsequently doing the kinetic work repre-
sented by B V2 (Art. 115), which can, of course, by a
further operation, be converted also into potential work of
equivalent amount. Hence, if we define Energy, which we

. have not yet defined, as the power of generating potential

work, we see that the energy of A with regard to B has,
indeed, been reduced in the original action by the quantity
Ps, since the impulses which have gone to do that work
have had their effect, and cannot, by any action of A and B,
be again renewed ; but that the energy of B, or its power of
doing work upon other centres, has been augmented by pre-
cisely the same amount. Hence, we see that, taking the
system as a whole, there has been no gain or loss of energy
during the action. This is the principle of the Conservation
of Energy as applied to this particular case. .

122. It will now be advisable to recur to the assumptions
(Art. 94) with which we started on this investigation, and see
how far they affect the generality of the principle we have
just stated. In the first place we assumed that A is fixed.
Since in every case of mechanics it is necessary to assume
some fixed point, and to consider the motions relatively
thereto, there is no difficulty in making A that point. In
practice the centre of the earth may be considered as fixed
for all questions of terrestrial mechanics, and the centre of
the sun as fixed for the purposes of astronomy.

123. Again, we assumed that C is fixed; but if C have a
motion in the direction C A, the only effect will be that we
shall have to diminish the quantity Qs, expressing the energy
imparted by C, by the quantity Qs?; where s! is the space
described by C, during the time of the motion in the
direction C A. The effect will therefore be the same as
if C were at rest, while the amount of Q was diminished in
the ratio s — st :s. There would thus be a diminution in the
potential work, and, of course, a corresponding increase in
the kinetic work. If C have a motion in the opposite
direction, the potential work will be in like manner increased:

124. Further, we supposed C and A to have no mutual
action. In reality this is not, of course, true, by our
definition of matter; but in many cases C and A may be
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fixed with regard to each other—as where coals are wound
up from a pit by a steam engine at the surface, which is
fixed with regard to the earth—and this amounts to the
same thing. Moreover, as we shall see hereafter, the forces
of cohesion are very great at insensible distances, but are
quite inappreciable at sensible distances; hence, in con-
sidering, for instance, the case of a rope in tension, we may
treat any section as being influenced by the two sections on
either side of it, but not by those beyond. If, however, A
does attract C, the effect is to move C in the direction of
A, and thereby make the distance between B and C, at
the end of the motion, less than in the former case.
Thus, let R be the force with which A acts on C, and
S the distance through which C has moved along the
line C A, Then A will have exerted the additional
energy R S, which will all take the form of kinetic work
done upon C. On the other hand, the energy P s
exerted on B will be just the same as before; but the
part of it which takes the form of potential work will be
reduced from Q s to Q (s—S), because the number of
impulses distributed over the space S will not have been
given. Now the effect of this on B will be exactly the
same as if, C remaining fixed, the strength of each
impulse had been reduced in the proportion s—S :s;
for in that case the potential work would be represented by

s—S
Q s

be reduced from Q to Q

x s=Q (s—S) as before. But if the resistance

s—S
s

will be increased from P—Q to P—Q

, then the unbalanced effort:
s—S

s
kinetic work, due to this unbalanced effort, will be increased
from (P — Q) s to (P—Q"_SS):, or P—Q) s+ QS.

Thus the kinetic work will be increased by Q S, which is
exactly the amount, as shown above, by which the potential
work is diminished. Hence the assumption that A acts on C
does not introduce any gain or loss of energy on the whole;

; and the

A P
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the energy exerted on C takes the form of kinetic work, and
the energy exerted on B partly of kinetic and partly of
potential work as before, but divided in different propor-
tions.

125. The assumptions still remaining to be considered
are (1) that B is initially at rest; (z)that the forces P and Q
are constant. Now with regard to the first, let us suppose
that instead of being at rest the centre B has an initial
velocity V in the direction B A. (If the velocity is in the
opposite direction B C, the demonstration will be the same,
simply writing— V for V throughout.) Then by virtue of
this velocity it will also have kinetic energy represented by
B V2 (if Bis half B’s mass), which can be converted into
potential work, as explained in Art. 108. Let # be the
interval of time considered. Then, by Art. 69, since the
net moving force (P—Q) has been acting on the mass 2 B
during the time # it will have generated in B—irrespective

of B’s initial motion—a velocity represented by %2 Z, and

will have caused B to describe a space represented by
% P—_Bgtf. In addition to this B will have described in
2 .

the same direction, by virtue of its initial velocity, a space
V ¢ Hence the total energy exerted by A will now be
represented by

P ( Vi+ 14 P;;Qt’);

and the total amount of energy which has to be accounted
for at the end of the motion, is

BVe+P(Ve+ %Pz_];Qt’)

Now the energy left at the end of the motion is as follows:
(1) The potential energy, due to the potential work done in
moving B through the space

P—Q
. ( Vit 2B d )
in opposition to the force Q. This is represented by
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P—Q .
Q(Vt+ %)
(2) The kinetic energy, due to the final velocity of B, or to
P—Q
TTX ¢,
(v+ 252

This is represeﬁted by
B(V+ ) —BVe4+VPr— VQ1+P(P4 Q#
o=

Adding the two expressmns, we get for the energy left
BV 4+ VPf+P £P4;BQ) #”

This is exactly the same expression as that given above for
the total energy which has to be accounted for. It appears,
therefore, that there is again no loss of energy during the
motion, and therefore the principle of the conservation of
energy is not affected by the initial velocity of B.

126. Lastly we have the assumption that the forces P and
Q are constant.  This of course is never exactly true in the
universe, although it is true within our limits of measurement
in many cases, e.g., that of a stone falling to the earth. But
we may always assume it to be true for an indefinitely small
interval of time. Hence for each such interval the conser-
vation of energy will hold, and if so it must also hold for the
sum of the intervals ; that is for any particular time that is

- considered. The energy exerted must of course be deter-
mined in this case by the methods of the integral calculus.

127. We have thus proved that the principle of the con-
servation of energy is true, with complete generality, for the
case in which there are only three centres of force, A, B, C,
lying in the same straight line. The extension from this to
the general case of a free system of any kind, and with any
number of centres, all of which act upon each other, we
shall not give in detail, since it is to be found in any standard
work on higher dynamxcs, and also comprises more analysis
than comes within the scope of this treatise. The essential

™
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features of the method are briefly as follows. By the prin-
ciple of the composition of forces, we resolve all the forces
acting on any given centre, and also the motion of that
centre, into three directions, along three rectangular axes.
By this means we reduce all the forces and motions to three
straight lines, and consider these separately as in the simple
case. Then, taking an indefinitely small interval of time,
we class the forces which tend to move the centre in the
direction of its actual motion as efforts, and those tending in
the opposite direction as resistances. By the geometrical
principle of the centre of position we can consider all the
efforts as if they were a single effort, acting from a centre
whose position and motion is known ; and similarly we can
consider all the resistances as a single resistance. The pro-
blem is then reduced to the simple case of three centres, in
which the principle has already been proved; and the
methods of the integral calculus enable us to combine the
three equations found for the three axes into one general
equation, which expresses, with the utmost generality, the
principle of the Conservation of Energy.

128. Before taking leave of this much canvassed principle,
it will be well to state it in its most general form, and recall
briefly the definitions, &c., which it involves. The state-
ment may be as follows:—*“The energy of any isolated system
of matter remains always constant, unaffected by the mutual
actions of the forces which exist in the system.”

129. Now, in this statemgnt the following things must be
borne in mind :

130. (@) The energy of the system means the power of
doing work, or of overcoming force through distance—that
and nothing else. It can be measured, like any other power,
only when it has been exerted, and it is then measured by
the amount of work it has done.

131. (4) The word force means force as defined in this
treatise—that and nothing else; in other words, it means the
cause of motion.

132. (¢) The word matter means matter as defined in this
treatise—that and nothing else; in other words, the system
is a system of centres of force, acting upon each other by
equal and opposite forces, which do not vary with the time,



6o

and therefore are always the same when the distances apart:
are the same. These are the forces which are spoken of at
the end of the statement.

133. (4) By an isolated system is meant one which is not
acted upon by any forces from centres external to the system.
Therefore, the principle is not strictly true of any body of
matter less than the whole material universe, since the
phenomena of light and gravitation show that every part of
this universe is at least capable of being acted upon from
every other part. There are, however, many cases where a
system may for all practical purposes be treated as isolated,
the actions of the rest of the universe being either allowed
for or neglected.

134. It will be found that each one of the definitions
just given are employed and needed at some point or other
of the proof. 1If] in stating some proposition which is called
the Conservation of Energy, the same terms are employed
with any meanings at variance with the above, then that
proposition does not express the principle of the Conserva-
tion of Energy, as it is quoted and applied by the great
writers on mechanics throughout the world. This second
proposition may, of course, itself be true, but it needs
proof before it can be accepted, and certainly it cannot be
accepted because the real principle of the Conservation of
Energy has been proved.

135. D’ Alembert’s Principle—The branch of mechanics
called Rigid Dynamics is usually founded upon a principle
known as that of D’Alembert, and generally laid down
(Routh, “Rigid Dynamics,” ch. 1i.) as an independent deduc-
tion from the facts of nature, not to be proved by abstract
reasoning. It wil be well to show therefore—as has
already been done by Thomson and Tait—that it is really
a simple deduction from the elementary principles of
mechanics, and in fact from the definitions laid down in
this treatise.

136. The principle is expressed in words by saying that
“The internal actions and reactions of any rigid system are
always in equilibrium, and may be neglected in writing
down the equations of motion.” This, however, requires

T
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some explanation. It is clear that the equation of motion
of a point or centre which moves in a straight line, and is
acted only by forces in that line, is

m@_pP_Q.

e
Here = is the mass of the point, P and Q are what we
have called the effort and the resistance, ji% is the incre-

ment of the velocity, or the acceleration.

137. If, instead of one point, we have to do with a
system of points, #e., with a body, as in rigid dynamics,
the obvious way of formmg the equations of motion would
be to calculate the effort and the resistance for each indi-
-vidual point, and then write down its equation in the
form just given. The general equation for the whole body
would be formed by adding together all the particular
equations thus obtained. Now in calculating the effort or
resistance for any given point, there are two sets of forces to
be dealt with—(1) The impressed forces, #e., those which
act upon the system from without; and (2) the internal
forces, or the forces acting between the points of the system
themselves. Now the former set, the impressed forces, are
generally few and simple, or may at least be regarded as
such by neglecting those which are insignificant. But the
latter set, the internal forces, will clearly, in any body of
finite size, be immensely numerous and often obscure. Now
D’Alembert’s principle asserts that if all the equations were
thus formed and added together, the whole of the internal
forces would disappear from the resulting equation, being in
fact in equilibrium amongst themselves, and therefore
exercising no effect on the motion of the body. This being
so, we need not stop to calculate these forces in the first
instance (if, as in rigid dynamics, we are only concerned
with the body as a whole), but can at once write down the
resulting equation as follows:—

g 2mg{_xP—zQ
where the symbol Z signifies, as usual, that the sum of the
quantity before which it stands is to be calculated for each
point of the system.
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138. This explanation relates to motion in one direction
only. It can be generalised, in the way indicated in former
cases of the same kind, by resolving the forces acting along:
three rectangular axes.

139. But this explanation is itself sufficient to show that.
D’Alembert’s principle is only an extension of the Third Law
of Motion, as the case is stated by Thomson ; or, as we
should here state it, a deduction from the definition of
matter. For, by this definition, the forces which act between
any two centres of force are equal in magnitude and opposite:
in direction ; hence in any algebraical sum which includes
both these forees, they will cancel each other, and the sum
will be the same as if they did not exist. But it is evident.
that the algebraical sum of all the internal forces of any
system will embrace both of the equal and opposite forces.
which act between any two centres of that system ; hence in
such a sum the whole of those internal forces will disappear.
And this is precisely what D’Alembert’s principle asserts.

140. Elasticity.—In our discussions upon energy we sup-
posed throughout that the centres concerned were separated
from each other by a finite distance, and that the forces
acting between them were actually or approximately con-
stant. But it is clearly conceivable that two centres may
come within an indefinitely small distance of each other—in
other words, may meet ; and all experience shows that, as
expressed in the definition of matter, the forces between the
centres as actually existing are not constant, but vary with
the distance. It becomes therefore necessary to consider
what will happen if two centres meet ; and to do this we
must examine more closely what the laws of the forces acting
between them really are. This branch of the subject, which
is called Elasticity, involves entirely fresh considerations, and
therefore requires some notice here.
 141. Let us, as a preliminary, examine what would happen

in the meeting of two equal centres, if the forces were
_really constant. Suppose them to start from rest, at a dis-
tance from each other of 2ft Then by the principle of
symmetry they would meet at the midway point, each with
a finite velocity due to the action of the constant attractive




63

force over the space of 1ft. There being nothing to stop
this velocity they would pass through each other—in this
ideal state of things we need not discuss the question of
penetrability—and go forward each in its old direction. But

‘the attractive force on either centre, being now in the

opposite direction to that of motion, would check this
velocity, and ‘destroy it at the end of the same space in
which it was generated, ze., 1ft. Hence when each centre
had arrived at the precise spot originally occupied by the
other, it would be -at rest. The circumstances would now
be the same as at first; the centres would begin to approach
each other again, would again pass through each other, and

- return to their original positions. This process would go on

for ever, the two centres describing regular oscillations about
the midway point.

142. Let us now make another supposition. Suppose
that, when each of the centres had moved half way to the
middle point, or through 6in., the constant attractive force
was suddenly changed to an equal and opposite repulsive
force. This would destroy the velocity thus acquired in
exactly the same space in which it was generated. Con-
sequently at the instant when the two particles met each
other, they would both come to rest. The repulsive forces
would then drive them asunder ; but if, when the two were
once more 1ft. apart, it was changed back into an attractive
force, the velocities would be again checked, and the centres
would come to rest precisely in their original positions.
They would then again approach each other as before, and
would thus continue to oscillate backwards and forwards,
alternatelyapproaching toand receding from themidway point

143. It is needless to say that nothing approaching either
of these processes has ever been observed; and therefore we
are justified in concluding that the forces of the universe are
not constant. At the same time the two cases illustrate
clearly a way in which a stable or conservative movement
—or an oscillatory movement, using the word in its most
general sense—may be produced by the action of attractive
forces, or of attractive and repulsive forces combined; and
we know that the world is, on the whole, in such a stable
condition.
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144. Let us now inquire what the laws of the forces acting
in Nature can be made out, by observation and experiment,
to be. On'this head it must be confessed that our know-
ledge is as yet miserably imperfect. We have, indeed, one
proved and almost perfect generalisation, due to the genius
of Newton; and as it is the only one to which such epithets
can be applied, we had better begin with it. It is generally
stated as follows:—* Every particle in the universe attracts
every other particle with a force varying directly as the
product of their masses, and inversely as the square of the
distance between them.”

145. Using symbols, let M be the masses of the two
particles, »the distance between them, and ¢ a constant; then
the moving force acting between the bodies is an attractive
¢
=

146. I have called this generalisation “almost perfect,”
and for this reason. We know the character of the force,
viz., that it is attractive; we know its law, viz., that it varies
inversely as the square of the distance; we know its amount,
at least as measured according to an arbitrary standard of
mass. We do not, however, fully know its scope, viz,
whether it extends to all matter that exists, or only to a part.
Thus, it is known to hold in the heavenly bodies, by the
case of double stars, but it is still disputed whether it holds
across the void of space between those systems and our own.
And if the principle of continuity be invoked to decide this
in the affirmative, it would still remain doubtful whether it
holds with respect to the luminiferous ether—a kind of
matter whose existence Newton, of course, did not recognise.
It would seem safe, therefore, to restrict the expression of
the law of gravitation for the present to our own solar system.

147. Making this restriction, and remembering our
definitions of a particle, as merely a small collection of
centres of force, and also of mass, as expressing the
number of centres comprised in a particle, we should
formulate the law of gravitation as follows:—‘ Every
centre of force in the solar system attracts every other
centre with an equal force, varying inversely as the square

force, represented by M

Ao
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of the distance between them.” By equal forces are,
of course, meant forces which are equal at equal dis-
tances.

148. To give the proof of this law is no part of the
present treatise. Assuming it to be true—as all competent
judges assume—we have next to inquire whether it is the
only law. In other words, whether it will, by itself, account
for all the phenomena of the universe. It is obvious that
this must be answered in the negative. Were two centres
left to themselves under this law, they would rush together
with a velocity which at the instant of meeting would
become infinite, since, the distance being nothing, the force
would then be infinite. What would happen I will not take
upon myself to say, but at least it would not be anything
like what we see around us. Nor is the case altered by the
existence of other centres. A system starting from rest,
under the action of gravitation alone, would coalesce in like
manner at its centre of gravity. Hence there must be
something beyond gravitation—something which acts as a
repulsive force, and prevents the centres from thus dashing
themselves against each other. Can we give the law, amount,
&c., of this force as we can in the case of gravity? Unfor-
tunately, we cannot. This is the great problem of physical
science, which awaits the coming of a second Newton. But *
without being able-fully, or even partially, to explain this
force, we may at least glean a few facts respecting it. It
must be practically insensible at sensible distances; other-
wise, the law of gravity would not be found fully to account
for the facts of astronomy and of falling bodies, which it
is known to do. Hence it must diminish as the distance
decreases; in other words, it must vary inversely as some
power of the distance. But this power must be higher than
the square; otherwise it would increase or diminish just as
fast as gravity, and no faster, and would only have the effect
of diminishing the apparent absolute value of gravity.
These conditions are satisfied by assuming that the real
law of force acting between two centres is represented, not

by the expression m» M ;z, but by the fuller expression

F
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e

")I(,—: - ,‘;:r.‘),

where & 1 wxne postve gzarty. ¥

149 1t may erhaps be o jected tha: the second term of
this expression cocld pot possibiy disagpear from view so
s aecy as it does in all guestions refating to the attraction
of gravity at sensible distances To exam:ne this point, let
cs scppose that the attractive and repuisive forces are equal
in amacnt at a distance of one-miionth of an inch, and also
that the repu!sive force varies as the fourth power of the dis-
tance. Then we have—

¢ x (1,000,006} = A (1,000,000)%
or ¢ = A (1,000,000
If the distance is one-thousandth of an inch, the expression
becomes—
m M [ (1000f — A (1000)%

1
ormM [t(looo)' ¢(1000)* x x,ooo,ooo]'
Hence, at the distance of one-thousandth of an inch, the
repulsive force will be only one-millionth part of the attractive
force, and therefore quite insensible.
150. The assumptions here made are, of course, arbitrary;
but they are sufficient to show how easily the repulsive force

# It will be noticed that in the text I have not introduced the con-
ception of initial rotating motions in the centres. Sir Wm. Thomson
appears to hold—see his recent lecture on  Elasticity as Possibly a
Mode of Motion ”—that the repulsive actions in nature may be
accounted for by the fact that the centres composing each atom have—
as on the vortex theory they would have—a very high velocity of rota-
tion about each other, or about a common centre. Into the question
of the adequacy of such motion to produce the observed facts I will not
enter. If it should prove to be true, the r]:kpu.lm action must still
have the form of a force obeying something like the laws given in the
text, just as that which is called centrifugal force, but is really an effect
of motion, may be represented by a2 force whose law is expressed by

"’?. Meanwhile, it seems better to retain, for the purposes of explana-
r

tion, the simpler conception of an actual force; at least, until it is
proved that we must re&l:ce it by the much more complicated and
difficult conceptions of the effects of rotary motion,

Ae
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may really exist at all distances, yet may be imperceptible
by the most delicate measurements, unless at distances
which are almost inconceivably small.

151. Assuming the law of force to be something like what
has been described, let us now consider what will happen
when two centres of force are left to its operation. We may
consider the motion of one of them B, relatively to the other
A, taken as fixed. Suppose, first, that B is placed exactly
at the point of equilibrium, that is at the point where the
attractive and repulsive forces balance each other. Then B
will clearly remain at rest. Suppose next that B is slightly
beyond this point of equilibrium. Then, the attractive force
being slightly the larger, B will move towards A, and will
pass the point of equilibrium with a certain small velocity.
From this moment, however, the repulsive force will be the
larger; the velocity of B will consequently be checked, and
at a certain small distance within the point of equilibrium it
will come to rest. The repulsive force being still the larger,
the same operations will then begin in the reverse order;
B will be repelled from A, and pass the point of equilibrium
with the same velocity as before, but in the reverse direc-
tion, and will then be checked by the attracting force, and
brought to rest exactly at the point from which it originally
started. The same cycle will then begin again. In other
words, B will continually describe, with regard to A, a series
of small oscillations about the point of equilibrium. If B is
placed at first slightly within this point, instead of beyond it,
the same events will follow, but in the reverse order.

152. In either of the above cases, suppose a third force to
act upon B, tending to move it toward A. Then, so soon as
B is within the point of equilibrium, the repulsive force will
be larger than the attractive force, and the excess will
increase very rapidly as B continues to approach A. Hence
this excess of the repulsive force will soon counterbalance
the external force, and B will remain at rest at the new point
of equilibrium thus defined, or rather will continue making
small oscillations about it. If, on the contrary, the third
force tends to move B away from A, then the attractive force
will be in excess, will counterbalance the third force, and
will form a new point of equilibrium further away from
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A than the original one. In the first case the force is com-
pressive, and the net result is that, so long as the force acts,
the distance between A and B will be permanently
shortened. In the second case the force is tensile, and the
net result is that, so long as the force acts, the distance
between A and B will be permanently lengthened.

153. Again, let us suppose that B starts from a point at
a considerable distance beyond the point of equilibrium (or,
which comes to the same thing, that it starts with a con-
siderable impressed velocity towards A). Then, by the time
it reaches that point, the attractive force, which throughout
this distance is largely in excess, will have imparted to B a
very considerable velocity. As soon as B has passed this
point, its velocity will be checked by the excess of the repulsive
force ; and it will be destroyed, and B brought to rest, some-
where in the very small space between the point of
equilibrium and A, so that it will never come in actual con-
tact with A. For if A and B were in actual contact, the
distance between them would be indefinitely small, and
therefore the repulsive force would be indefinitely great.
But the accelerating force which would destroy any given
finite velocity v in any given finite distance s is simply given

. i
by the expression 5’ and, however large v may be, or how-

ever small s may be, this will always have a finite value.
Hence the effect will be that B will be stopped in an exceed-
ingly short space and time—much too short for our measure-
ment,—and will then have a very large excess of repulsive
force acting upon it. Hence it will begin to return with
very great rapidity, will pass the point of equilibrium with
the same high velocity, but in the reverse direction, and
will then be checked by the excess of attractive force,
finally coming to rest at the point from which it started. If
no other cause intervenes, the same cycle will then begin
again.

154. Lastly, let us suppose that in the last case B becomes
fixed in space at the moment when it is stopped by A, while
A becomes free to move ; or, which comes to the same thing,
let us consider the motion relatively to B, instead of rela-

iy
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tively to A. Then, since A, by thé Third Law of Motion,
has exactly the same repulsive force acting upon it as B has,
it will fly off with the same rapidity as was ascribed to B in
the last section, will travel to exactly the same distance, and
there will come to rest and begin to return, unless some
other cause supervene.

155. Itshould perhaps be remarked that the point where A
comes to rest will be very much further away from the point of
equilibrium than the point from which A is supposed to have
started. For when B is within the distance of the point of
equilibrium from A, the excess of the repulsive over the
attractive force increases, as B moves towards A, very much
more rapidly than the excess of the attractive force i increases,
as A moves away beyond the point of equilibrium. This is
due to the forces varying inversely with the distance. Thus
let the point of equilibrium be at one-millionth of an inch
¢ (1,000,000)2

7° 74
Then if B be half-a-millionth of an inch within this point,
the value of the expression will be ¢ (1,000,000)% (4 — 64),
or— 6o ¢! (1,000,000)%. But if B be half-a-millionth of an
inch beyond this point, the value of the expression will be
a(, ooo,ooo)‘ [(25)% — (25)%], or 0247 & (1,000,000)?, which
is about , %, of that given above.

156. I have preferred to place these deductions from the
assumed forms of force together, because they follow natu-
rally and clearly upon each other. It now remains to show
how fully they accord with the facts of the universe, as
relates to the behaviour of the particles of solid bodies in
close contact with each other. Of course, the matter is
greatly complicated by the fact that we can never observe
the motions of single centres of force, or even single par-
ticles. What we observe are bodies, greater or less in size,
but of which the adjacent particles act in various ways upon
each other, and are also acted upon in various ways by
external forces, such as gravity. Nevertheless, the effects
here described are in many cases plainly discernible.

157. Thus, in accordance with Art. 151, the particles of
any solid body do take up apparent positions of equilibrium

as before, and let the expression be [
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with each other—which, however, are known not to be really
positions of rest, but centres of small oscillations which the
molecules are continually describing. If an external force
"be brought to bear upon such a body, then, in accordance
with Art. 152, the body becomes extended if the force be
tensile, or shortened if the force be compressive; and,
having thus taken up a new position of equilibrium, it retains
it until the force is withdrawn.

158. Again, if a body be projected against another with
considerable velocity, which is equivalent to the supposition
of Art. 153, then, after apparently striking it, it flies back
in the direction from whence it came, the reversal of the
motion being effected far too rapidly for any ordinary means
of observation to follow it. It is this property of rebound-
ing which forms what is called the elasticity of bodies.
Newton, who investigated it, found that the effects might be
represented by supposing that, at the moment of impact,
the momentum of the striking body was stopped by a very
large repulsive force brought into existence by the action, and
that, the bodies having thus been brought to rest, a force con-
tinued to act in the same direction, and drive the striking
body back again towards the point whence it started. If it
actually reaches that point, the body is called *perfectly
elastic.” As a matter of fact, no substance in nature is
found to be perfectly elastic; some, however, as glass and
ivory, approach the limit pretty closely, while others can
scarcely be said to have any visible elasticity. For some
time it was supposed that in practice the force of restitution,
causing the rebound, was somehow less than the original
force of impact, in a varying ratio, generally expressed by
the letter ¢; and hence it was inferred that uis viva, or
energy, was always lost in cas€s of collision. But it is now
universally ‘admitted that this difficulty simply arises from
the fact that we can only observe the action of finite bodies
as a whole, and not that of their minute parts. For instance,
when a billiard ball strikes the cushion, it is but a very small
area of each which is actually opposed to the other; all the
rest of the billiard ball is caused to stop and to rebound by
the lateral cohesive action of the parts nearer the centre.
These actions set up movements between the particles, in

AR
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which more or less of the energy due to the impact becomes
expended, and is not therefore available for the repulsion of
the body as a whole. It is not doubted by anyone that the
ultimate atoms of any body are perfectly elastic, as indeed,
by the conservation of energy, it is necessary that they
should be.

159. Lastly, if the body struck be free to move, instead of
being fixed, the result stated in Art. 154 is actually seen
to follow ; that is, the struck body flies away with a velocity
which depends on the momentum of the striking body, or,
in other words, upon the force of the blow. Familiar
instances are the striking of one billiard ball by another, the
propulsion of a football, &c. In such cases the striking
body may either be brought to rest, or may follow in the
same direction as the struck body but with diminished
speed, or may rebound again in the direction whence it
came. These variations depend upon variations in the masses
and velocities of the two bodies, and need not here be con-
sidered further. '

160. It appears, therefore, that the fundamental facts of
elasticity are all accounted for by the hypothesis that the law
of the.force subsisting between any two centres is sub-
stantially of the character represented by
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Of course we do not affirm that this is its exact representa-
tion. It may be much more complicated; e.g., there may be
other factors which may bring about the difference existing
between the chemical elements considered as kinds of
matter. But the fact remains that, as regards the general
phenomena of mechanics, the type given above must be an
approximation to the truth, and we may hope that the
progress of physical science will ere long enable us to fix it
more exactly.

161. I do not propose to continue these papers further; but
I believe that all the main principles on which the science of
mechanics is founded have been touched upon, and have
been shown to flow directly from the definitions as to motion,
force, and matter laid down at the beginning, and from the
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two established generalisations, which I have called the
principles of conservation and of symmetry. If so, I have
achieved all which I proposed to myself at starting. I have
only two supplementary remarks to make. One is that these
papers will not have been useless if they have brought into
light, and in some measure dissipated, what appears to be a
somewhat common mistake, namely, that in the third law of
motion, Action is always to be interpreted as Force, so that,
whenever we have a force acting, there must always be an
equal force opposed to it. Thus, when an engine 1s taking
a train out of a station, and getting up its speed, it is held
that the pull of the engine is no greater than the resistance
of the train! It need hardly be stated that this idea derives
no countenance from Newton—who, as Thomson and Tait
have shown, saw that the action was measured in dynamics
by the energy exerted—or from any other authority; that it
is altogether at variance with experience; and that to admit
it would simply annihilate the present science of dynamics.
The other remark is merely intended to guard against any
possible conception, that among the great writers on me-
chanics there is any fundamental difference of opinion as to
the physical foundations of the science. It is just possible
this might arise from the fact of my having taken occasion
to point out the difference in terminology, as to the term
Work in particular, between the works of Rankine and those
of later writers; and I therefore repeat that the difference is
one of terminology only, and in no way affects the funda-
mental principles or conceptions of the subject. Anyone
who doubts this may be recommended to study the books in
the annexed list, which have been consulted in connéction
with these papers, and are here tabulated for the convenience
of students of the science.

Newton’s Principia (Glasgow, 1871).

Rankine, Applied Mechanics (1st and 3rd editions).

Rankine, Miscellaneous Scientific Papers (Griffin, 1880).

Rankine, Rules and Tables (Griffin, 1873).

Maxwell, Theory of Heat, Edit. 1877 (Longmans).

Maxwell, Matter and Motion (S.P.C.K.).

Thomson and Tait, Elements of Natural Philosophy
(Clarendon Press, 1873).
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Navier, Application de la Mecanique, by St Venant
(Paris, 1864).

Reuleaux, Theoretische Kinematik (Brunswick, 1875).

Clausius, Mechanical Theory of Heat (Macmillan, 1879).

Balfour Stewart, Lessons in Elementary Physics (1873).

Whewell, Mechanics (Cambridge, 1819).

Goodwin, Course of Mathematics (Deighton and Bell,
1857).

0. )Byrne, Practical Mechanics (Spon, 1872).

Twisden, Practical Mechanics (Longmans).

Routh, Rigid Dynamics (Macmillan).

Tait and Steele, Dynamics of a Particle (Macmillan).

Herbert Spencer, First Principles (Williams and Norgate,
1867).

To{ihunter, Mechanics for Beginners (Macmillan, 1878).

Moseley, Mechanical Principles of Engineering and
Architecture (Longmans, 1843).

Goodeve, Principles of Mechanics (Longmans, 1880)

Majgnus, Lessons in Elementary Mechanics (Longmans,
1881).

LONDON : PRINTED BY G. REVEIRS, GRAYSTOKE-PLACE, FETTER-LANE.

-



N sk g ey

e
'










p - mvedn - =






_ NP T - B

_.W!.Ib-




